N2

e
S ——

Mathematics/ XII (2020-21) L,

STUDENT SUPPORT MATERIAL

CLASS Xil

MATHEMATICS

Session: 2020-21

KENDRIYA VIDYALAYA SANGATHAN

REGIONAL OFFICE LUCKNOW



N2

TR Ry N
T e
S

Mathematics/ XII (2020-21) G R cinie

INSPIRATION
Shri. D. K. Dwivedi, Deputy Commissioner, KVS RO Lucknow
Shri. T. P. Gaur, Asstt. Commissioner, KVS RO Lucknow
Dr. Anurag Yadav, Asstt. Commissioner, KVS RO Lucknow

Smt. Preeti Saxena, Asstt. Commissioner, KVS RO Lucknow

MENTORS
Shri. Suneel Kumar
Principal, KV Sitapur
Shri. Sanjeev Kumar Agarwal,

Principal, KV Raebareli



Mathematics/ Xl (2020-21)

Y

V%

N

Fi frenmer dred

CONTENT TEAM
KV NAME (WHERE WORKING IN
S.NO. | TEACHERS NAME POST PRESENT)
1__| MR. SADAN RAM PGT (MATH) LUCKNOW, ALIGANJ 1ST SHIFT
2 | MS. ANAMIKA VERMA PGT (MATH) LUCKNOW, ALIGANJ 1ST SHIFT
3| MS. ANSHU SINGH PGT (MATH) LUCKNOW, ALIGANJ 1ST SHIFT
4| MR. AMIT AGARWAL PGT (MATH) LUCKNOW ALIGANJ 2ND SHIFT
5 | MRRK PANDEY PGT (MATH) LUCKNOW, IIM
6 | MR. ANUJ BHARGAVA PGT (MATH) LUCKNOW, BKT
7| MR. PRAJESH KUMAR SINGH PGT (MATH) SITAPUR 1ST SHIFT
8 | MR. TARUN KUMAR SINGH PGT (MATH) SITAPUR 2ND SHIFT
9 | MR. MAHESH PRATAP SINGH PGT (MATH) LAKHIMPUR KHIRI 1ST SHIFT
10| DR.RAKESH CHATURVEDI PGT (MATH) LUCKNOW, GOMTINAGAR 1ST SHIFT
11 | MR. SUNIL KUMAR PATHAK PGT (MATH) LUCKNOW, GOMTINAGAR 1ST SHIFT
12 | MR. JAGDISH PRASAD PGT (MATH) LUCKNOW, GOMTINAGAR 2ND SHIFT
13| MR. NITIN KUMAR MISHRA PGT (MATH) LUCKNOW, AMC 1ST SHIFT
14| MR AK SRIVASTAVA PGT (MATH) LUCKNOW, AMC 1ST SHIFT
15 | MR. D K TRIPATHI PGT (MATH) LUCKNOW, AMC 1ST SHIFT
16| MR. MADAN MOHAN MISRA PGT (MATH) LUCKNOW, AMC 2ND SHIFT
17| MR. ANIL KUMAR PGT (MATH) LUCKNOW CANTT, LKO
18 | MR. PAWAN KUMAR JAISWAL PGT (MATH) FAIZABAD CANTT
19 | MR. SHAILESH KUMAR MISHRA | PGT (MATH) BALRAMPUR
20 | MR. RAJEEV SRIVASTAVA PGT (MATH) BARABANKI
21| MR. DEEPAK SINGH PGT (MATH) LUCKNOW, RDSO
22| MS.REETU SINGH PGT (MATH) LUCKNOW, RDSO
23 | MR.NEERAD KUMAR TRIPATHI | PGT (MATH) LUCKNOW, AFS MEMAURA
MR. PRASHANT KUMAR

24 | SRIVASTAVA PGT (MATH) LUCKNOW, CRPF BIINAUR 1ST SHIFT
25 | MR. SANT KUMAR YADAV PGT (MATH) LUCKNOW, SGPGI
26 | MR SACHIN KUMAR SRIVASTAVA | PGT (MATH) RAEBAREILY 1ST SHIFT
27| MR. ASHISH KR PANDEY PGT (MATH) RAEBAREILY 2ND SHIFT
28 | MRS SEEMA SRIVASTAVA PGT (MATH) MCF RAEBAREILY
29 | MR KK GUPTA PGT (MATH) SHIVGARH
30 | MR. SUNEEL KUMAR MAURYA | PGT (MATH) BHEL JAGDISHPUR
31 | MR JITENDRAKUMAR GUPTA | PGT (MATH) KANPUR CANTT 1ST SHIFT
32| MR. ANOOP KUMAR DIXIT PGT (MATH) KANPUR CANTT 2ND SHIFT
33| MR. TAJUDDIN AL AHMAD PGT (MATH) KANPUR, CHAKERI 1
34 | MR ASHOK KUMAR MISHRA PGT (MATH) KANPUR, CHAKERI 2
35 | MR. MANOJ KUMAR SHARMA PGT (MATH) KANPUR, CHAKERI 3
36 | MR. PAWAN KUMAR PGT (MATH) KANPUR, OEF
37 | MR. ADITYA KUMAR GUPTA PGT (MATH) UNNAO
38 | MR.N P SHUKLA PGT (MATH) KANPUR IIT




ANz
b —————
Mathematics/ XII (2020-21) G R cinie

39 | MR.RKTRIVEDI PGT (MATH) KANPUR IIT

40 | MR.RANJANA TIWARI PGT (MATH) KANPUR IIT

41 MR. SANTOSH KUMAR PANDEY PGT (MATH) KANPUR, ARMAPUR 1

42 | MR. BUDDHA SINGH KUSHWAHA | PGT (MATH) KANPUR, ARMAPUR 1

43 | MS. NEELAM KUSHWAHA PGT (MATH) KANPUR, ARMAPUR 2

44 | MR. VIJAY KUMAR MISHRA PGT (MATH) MATI AKBARPUR 1ST SHIFT

45 | MR ANIL KUMAR TRIPATHI PGT (MATH) FATEHGARH RRC

46 | MR. YOGENDRA KUMAR PGT (MATH) DIBIYAPUR, NTPC

47 | MR. PANKAJ KUMAR GANGWAR PGT (MATH) BAREILLY, NER

48 | MR.S.N.TRIPATHI PGT (MATH) BAREILLY, JLA

49 | MR. AMBRESH KUMAR PGT (MATH) BAREILLY, JLA

50 | MR.KOCHIN KUMAR PGT (MATH) BAREILLY, IVRI

51 MR. K.K. GANGWAR PGT (MATH) BAREILLY, JRC

52 | MS. PAYAL YADUWANSHI PGT (MATH) BAREILLY, JRC

53 | MR. RAMESH VERMA PGT (MATH) BAREILLY, IFFCO

54 | MR. RAJEEV KUMAR SAXENA PGT (MATH) BAREILLY, AFS

55 | MR. SHIVESH SRIVASTAVA PGT (MATH) BUDAUN

56 | MR. RAJMANI PGT (MATH) PILIBHIT

57 | MR. RAJEEV KUMAR PANDEY PGT (MATH) SHAHJAHANPUR NO. 1CANTT. 1ST SHIFT

58 | MR. ANIL KUMAR SHARMA PGT (MATH) SHAHJAHANPUR NO. 1CANTT. 2ND SHIFT

59 | MR. SHARAD KUMAR PGT (MATH) SHAHJAHANPUR NO.2 (OCF) 1ST SHIFT

60 | MR. SHASHANK SRIVASTAVA PGT (MATH) SHAHJAHANPUR NO.2 (OCF) 1ST SHIFT

REVIEW & EDITING TEAM

Shri.Sachin Kumar Srivastava, PGT (Mathematics), KV Raebareli (I Shift)

Sri. A. K. Pandey, PGT (Mathematics), KV Raebareli (Il Shift)

Shri. Prajesh Kumar Singh, PGT (Mathematics), KV SITAPUR (I Shift)

Shri. Tarun Kumar Singh, PGT (Mathematics), KV SITAPUR (Il Shift)



b —————
Mathematics/ XIl (2020-21) 81 Prerre it
Mathematics
Class XI|
INDEX

S. No. Particulars Page No.

1 Syllabus (Revised) 6-10

2 Deleted Topics for Session 2020-21 11

3 Strategy for common errors/ committed mistakes and their 12-37

remedies
4 Minimum learning material(Capsule for Underachievers) 38-113
5 CBSE sample paper and marking scheme 114-137




Mathematics/ Xl (2020-21)

i

Fa

N

2

MATHEMATICS SYLLABUS (REVISED)

CLASS-XII
(2020-21)
One Paper Max Marks:80
No. Units No. of Periods Marks
. Relations and Functions 17 08
I Algebra 35 ) 10
. Calculus 57 35
V. Vectors and Three - Dimensional Geometry 26 14
V. Linear Programming 13 05
VI. Probability 20 08
Total 168 80
Internal Assessment 20
Unit-l: Relations and Functions
1. Relations and Functions

Types of relations: reflexive, symmetric, transitive and equivalence relations. One to one and onto

functions.

2. Inverse Trigonometric Functions

Definition,

range, domain, principal value branch.

Unit-ll: Algebra

1. Matrices

Concept, notation, order, equality, types of matrices, zero and identity matrix, transpose of a matrix,
symmetric and skew symmetric matrices. Operation on matrices: Addition and multiplication and
multiplication with a scalar. Simple properties of addition, multiplication and scalar multiplication. Non-
commutativity of multiplication of matrices, Invertible matrices: (Here all matrices will have real

entries).

9 Periods

8 Periods

17 Periods
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2. Determinants 18 Periods

Determinant of a square matrix (up to 3 x 3 matrices), minors, co-factors and applications of
determinants in finding the area of a triangle. Adjoint and inverse of a Square matrix. solving system

of linear equations in two or three variables (having unique solution) using inverse of a matrix.

Unit-lll: Calculus

1. Continuity and Differentiability 16 Periods

Continuity and differentiability, derivative of composite functions, chain rule, derivative of inverse
trigonometric functions, derivative of implicit functions. Concept of exponential and logarithmic functions.

Derivatives of logarithmic and exponential functions. Logarithmic differentiation, derivative of functions
expressed in parametric forms. Second order derivatives.

2. Applications of Derivatives 7 Periods

Applications of derivatives: increasing/decreasing functions, tangents and normals, maxima and
minima (first derivative test motivated geometrically and second derivative test given as a provable
tool). Simple problems (that illustrate basic principles and understanding of the subject as well as real-
life situations).

3. Integrals 15 Periods

Integration as inverse process of differentiation. Integration of a variety of functions by substitution, by
partial fractions and by parts, Evaluation of simple integrals of the following types and problems based
on them.

f dx f dx j‘ dx f dx f i
x*tat) fxrtaz') Va—x2') a +bx+c') [avoure
pX +q px+q j- : f
+ x2 2 _ag
fax2+bx+cdx’ mdx, Va2 +x2dx, Vx2 — a2dx

Fundamental Theorem of Calculus (without proof).Basic properties of definite integrals and evaluation
of definite integrals.
4. Applications of the Integrals 9 Periods

Applications in finding the area under simple curves, especially lines, parabolas; area of circles /ellipses
(in standard form only) (the region should be clearly identifiable).
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5. Differential Equations 10 Periods

Definition, order and degree, general and particular solutions of a differential equation. Solution of
differential equations by method of separation of variables, solutions of homogeneous differential

equations of first order and first degree of the type: % = f(y/x). Solutions of linear differential equation

of the type:

d
d—i’ + py = q, where p and q are functions of x or constant.

Unit-IV: Vectors and Three-Dimensional Geometry
1. Vectors 13 Periods

Vectors and scalars, magnitude and direction of a vector. Direction cosines and direction ratios of a
vector. Types of vectors (equal, unit, zero, parallel and collinear vectors), position vector of a point,
negative of a vector, components of a vector, addition of vectors, multiplication of a vector by a scalar,
position vector of a point dividing a line segment in a given ratio. Definition, Geometrical Interpretation,
properties and application of scalar (dot) product of vectors, vector (cross) product of vectors.

2, Three - dimensional Geometry 13 Periods

Direction cosines and direction ratios of a line joining two points. Cartesian equation and vector equation
of a line, coplanar and skew lines, shortest distance between two lines. Cartesian and vector equation
of a plane. Distance of a point from a plane.
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Unit-V: Linear Programming

1. Linear Programming 13 Periods

Introduction, related terminology such as constraints, objective function, optimization, different types of
linear programming (L.P.) problems. graphical method of solution for problems’in two variables, feasible
and infeasible regions (bounded), feasible and infeasible solutions, optimal feasible solutions (up to
three non-trivial constraints).

Unit-VI: Probability

1. Probability 20 Periods

Conditional probability, multiplication theorem on probability, independent events, total probability,
Bayes’ theorem, Random variable and its probability distribution.

Prescribed Books:

1) Mathematics Textbook for Class Xl, NCERT Publications

2) Mathematics Part | - Textbook for Class XIl, NCERT Publication

3) Mathematics Part I - Textbook for Class XlI, NCERT Publication

4) Mathematics Exemplar Problem for Class XI, Published by NCERT
5) Mathematics Exemplar Problem for Class XIl, Published by NCERT
6) Mathematics Lab Manual class Xl, published by NCERT

7) Mathematics Lab Manual class XlI, published by NCERT
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MATHEMATICS (Code No. - 041)
QUESTION PAPER DESIGN CLASS - XII
(2020 - 21)

Time: 3 hours

Max. Marks: 80

Typology of Questions

Total
_ Marks

%
Weightage

Remembering: Exhibit memory of previously learned material
by recalling facts, terms, basic concepts, and answers.
Understanding: Demonstrate understanding of facts and
ideas by organizing, comparing, translating, interpreting, giving
descriptions, and stating main ideas

44

55

Applying: Solve problems to new situations by applying
acquired knowledge, facts, techniques and rules in a different
way.

20

25

Analysing :

Examine and break information into parts by identifying
motives or causes. Make inferences and find evidence to
support generalizations

Evaluating:

Present and defend opinions by making judgments about
information, validity of ideas, or quality of work based on a set
of criteria.

Creating:
Compile information together in a different way by combining
elements in a new pattern or proposing alternative solutions

16

20

Total

80

100

No chapter wise weightage. Care to be taken to cover all the chapters

2. Suitable internal variations may be made for generating various templates keeping the overall

weightage to different form of questions and typology of questions same.

Choice(s):

There will be no overall choice in the question paper.

However, 33% internal choices will be given in all the sections

INTERNAL ASSESSMENT

20 MARKS

Periodic Tests ( Best 2 out of 3 tests conducted)

10 Marks

Mathematics Activities 10 Marks

Note: For activities NCERT Lab Manual may ke referred

10
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DELETED TOPICS FOR SESSION 2020-21

UNIT/CHAPTER

SYLLABUS REDUCED

Unit I: Relations and Functions

1. Relations and Functions

composite functions, inverse of a function.

2. Inverse Trigonometric Functions

Graphs of inverse trigonometric functions
Elementary properties of inverse trigonometric functions

Unit II: Algebra

1. Matrices

existence of non-zero matrices whose product is the zero
matrix.

Concept of elementary row and column operations.

proof of the uniqueness of inverse, if it exists.

2. Determinants

properties of determinants
Consistency, inconsistency and number of solutions of system of
linear equations by examples,

Unit-1ll: Calculus

1. Continuity and Differentiability

Rolle’s and Lagrange's Mean Value Theorems (without proof) and their

geometric interpretation.

2. Applications of Derivatives

rate of change of bodies, use of derivatives in approximation

3. Integrals

[Vax? + bx + ¢ dx
[(p x+ @)Vax? + bx + c dx

Definite integrals as a limit of a sum

4. Applications of the Integrals

Area between any of the two above said curves

5. Differential Equations

formation of differential equation whose general solution is
given.

Solutions of linear differential equation of the type:Z—; +Px=Q,

where P and Q are functions of y or constants.

Unit-IV: Vectors and Three- Dimensional

Geometry

1. Vectors

scalar triple product of vectors.

2. Three - dimensional Geometry

Angle between (i) two lines, (ii) two planes, (iii)) a line anda
plane

Unit-V: Linear Programming

1. Linear Programming

mathematical formulation of L.P. problems
(unbounded)

Unit-VI: Probability

1. Probability

mean and variance of random variable. Binomial probability
distribution.

11
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STRATEGY FOR COMMON ERRORS/ COMMITTED
MISTAKES AND THEIR REMEDIES

Chapter - 1
RELATIONS AND FUNCTIONS

Common Errors

Students unable to understand difference between Reflexive, Symmetric, and Transitive relation.
They do not give Proper Reasoning for Reflexive, Symmetric, and Transitive relation.

In composition of function students committed mistakes on applying order of function.

They committed mistake to prove a function as onto.

. They can't differentiate between relations and Functions.

S N

6. Finding of domain and range.

Remedy
1. Students should practice and differentiate Reflexive, Symmetric, and Transitive relation.
Students learn how to give Proper Reasoning for questions based on Reflexive, Symmetric, and Transitive relation
In composition of function like gof (x) , first apply f rule and then g rule on x.
Focus on how to Prove a function as Onto.
To clear concepts of domain and range.

ok w

SOME EXAMPLES:

1. Let A ={1,2,3}. Check whether R = {(1,2),(2,1), (1,1), (1,3)} is symmetric or not.
Mistake done : Here, (1,2)€ R, (2,1) )€ R. So, it is symmetric.
Correction : The student thinks that only an ordered pair is to check for Symmetric. So, he forgets to check for (1,3).

2. 1fA={1,2,3}, check whether R ={(1,1),(1,2),(2,1)} is transitive or not.
Mistake done: (1,2) )€ R, (2,1) )€ R implies that (1,1) )e R. So itis transitive.
Correction: Here the student forgets to see for (2,1) )€ R, (1,2) )€ R implies (2,2) € Ror not.

3.Consider f: R, — [—5, o) given by f(x) = 9x2+6x-5. Show that fis invertible..
Solution: Let y be an arbitrary element of [—5 , )
and y = 9x2+6x-5

o (( y+36 —1)

Now, let us define a function g: [-5, =) — R,
Such that g(y) = ((“—6)

3
Then gof(x) = gf(x) = g(9x2 + 6x - 5)
=g((3x+1)2-6)  =x
{ This step is very important. Most of the students make mistake at this step. Students must have to be very
careful while computing gof(x)}

And fogly) =flg () =1 (L202) 5y

fog = gof = Ir+
Hence f is invertible.

4.Show that relation R in the set A ={1,2,3,4,5} given by R = {(a, b): |a — b| is even}, is an equivalence relation. Show that all
the elements of {1,3,5} are related to each other and all the elements of {2,4} are related to each other. But no element of
{1,3,5} is related to any element of {2,4}.

12
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Solution: For every element a € A, We have |a — a| = 0,
Which is even.

~ R is reflexive.
|a — b| is even
|b — al is even
(b,a) €ER
~ R is symmetric.
|a — b|isevenand |b — c|is even
(a—b)isevenand (b —c)iseven
(a—b)+ (b—c) iseven
a — ciseven.
la—c|€R
~ R s transitive
Hence, R is equivalence relation.

Now, all elements of the set [1,3,5] are related to each other as all the elements of this subset are odd Thus, the modulus

of the difference between any two elements will be even. Similarly, all elements of the set [2,4] are related to each other as
all the elements of this subset are even.

Also no element of the subset [1,3,5] can be related to any element of [2,4] as all the

elements of [1,3,5] are odd and elements of [2,4] are even.Thus the modulus of the difference between the two elements
one from each of these two subset will not be even.

Generally, students didn’t understand the concept of Equivalence Class. The concept should be cleared, so that
they can get full marks.

13
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Chapter - 2
INVERSE TRIGONOMETRIC FUNCTIONS

. 1 . 1
1. Error: sin”lx = —orsin~1x = (—)x
sinx sin

Remedy: Students must go through the concept of invertible functions given in Chapter 1 (Relations and Functions) of

class 12.

If f:X = Yandg:Y — X are two functions such that fog = Iy and gof = Ix then f is said to be invertible and g is
the inverse of f; written as g = f~1, (f 1 is the symbolic representation for inverse of £. It is not “-1 raised to the power

Off”)
~fofTl=1Iyand f~lof = Iy
Similarly, sin~1 function is defined as the inverse of sin function.

1 T

2 Error: cos™! (— —) =—=
2 3
T 21

Remedy: cos™?! (— %) =m—z=7

Students must know principal value branch of inverse trigonometric functions

Function Principal Value Branch
sin~x [_E E]
2’2
cos 1x [0, 7]
tan™1x _&=n
( 2'2)
cot™1x (0,m)
sec™1x =
[0,7] - {}
cosec™1x oy
=2 -

. _1(_. 3
3. Error: sin 1(5m7n) =

Remedy: sin™! (sin %”)

=g

s
4

Students must know following rules

sin~(sinx) = xif x € [—%,%] ,sin(sin"1x) = xif x € [-1,1]
cos™1(cosx) = xif x € [0,m], cos(cos™ x) =xif x € [-1,1]
tan~l(tanx) = x if x € (—%,g) ,tan(tan™'x) = xif x € R

4, Students must learn domain and range of Inverse Trigonometric Functions

Function Domain Range
(Principal Value Branch)
sin"1x [-1,1] [_E E]
2’2
cos x [-1, 1] [0, ]
tan-1 R _rr
' (-33)
cot™lx R (0,m)
-1 R-(-1,1 _ =
e (i 0.1~ (]
- R-(-1,1 _rr_
cosec™x (-1,1) [ 2,2] {0}

14
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Chapter - 3
MATRICES
Concept Probable Errors Action taken by teachers Important Problems of
NCERT Mathematics Text
Book
Order of matrix Taken row as column and Make them understand row Ex 3.1
column as row means horizontal, column means | Q. No 4,6,7,9,10
vertical more such problems for
practice.
First see same order, then equate
Equality of matrices corresponding
Without seeing order, elements
equating elements
Addition of Matrices Without seeing order, add First see same order, then add Ex 3.2
elements corresponding Q. No 6,7,9,13,16,17,
elements 18,20,21,22
Product of Matrices Not multiplying the first
matrix row elements with the | By giving tips like Run and Jump
second matrix corresponding | remember while multiplying two
column elements and add matrices. More practice on various
order matrices for multiplication.
Transpose of a Matrix Converting both column into | Stress to be given only to change | Ex 3.3
rows and rows into columns | row into columns or vice versa but | Q. No
not both 7,8,9,10,11,12
(a) Students find co-factors Teachers tell students to find co-
Adjoint of a Matrix without taking proper sign factors by using proper sign and
(b) Students don't take the insist them to take transpose of a
transpose of a matrix made | matrix made by the co-factors by
by the co-factors. giving more questions for practice

15
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Chapter - 4
DETERMINANTS
1. Students don’t apply row and column operations properly when they are evaluating the determinants.
2. Students miss writing the formula when they are solving the system of equations by matrix method
3. Students commit mistakes in inserting the sign when they are finding the co-factors.
4, Students do not apply property of determinants properly.
Concept/Question: Some students write it as: Correct solution / statement is:
1. Give an example of determinant of Correct representation is
order 3. 3 4 2 3 4 2
A=|1 0 6 lAl=]11 0 6
-1 1 2 -1 1 2
It is wrong representation for a
determinant. It is representation of matrix.
2 -1 4 2 -1 4 For expending a determinant we must
2.Evaluate |0 1 6 0 1 6|=2x(2+18)-1x (0-6) +4 + -+
1 -3 2 1 -3 2 assignsignas |— + —
x(0-1) = 42 is wrong answer. + - +
Correct solution = 2(2 + 18) + 1(0-6) +
4(0-1)=30
1 5 2 Perform R,— 3R, (Multiply element of Jr 5 2
3.Evaluate| 2 1 7 second row by 3) A=5 6 3 21| is correct working.
-1 8 4 1 5 2 -1 8 8
A=]16 3 21]iswrong.
-1 8 8
4.Find area of triangle with vertices (4, 1), Jr 11 J4 11
(4,-2), (0, 6) Area of triangle=-[4 -2 1 Area of triangle=-[4 -2 1
0 6 1 0 6 1
= % [4(-2-6)-1(4-0)+1(20-0)] = % [4(-2-6)-1(4-0)+1(20-0)]

=-8
Area of triangle = -8 is wrong.

=-8
Area of triangle is = 8 square unit is
correct

5. Find the value of k, such that area of
triangle with vertices (3, k), (2, 2), (-4, 1)
is 3 square units.

) 3 k1
A=E 2 2 1f=3
-4 1 1

~13(2-1) ~k(2+4) +1(2+8)] =3
Or -3k +10] =3

Here area of triangle = 3 square units.
So values of determinant can be 3 or -3
both.

So we must take both case.

le. 23 -k +10] =3

13 -6k =6 or 13 -6k =6
6k =7 or 6k =7
7 :Z
K = 1K S and
5[3 -k +10] =-3
Or 13 -6k =-6
Or 6k =19
K =§ sok ={%,1—:}
6. Find adjoint of matrix A, where A11= 5 s A12 =-2 A13 =-3 A11= 5 , A12 =2 A13 =-3
Ay =5 Ap=-2, Ax=-3 Ay =5 Ap=-2, Axn=3
As1=-10, ;A =4, As3=6 As1=-10, ,Ass=-4,, Au=6

16
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2 1 4 5 -2 -3 So matrix formed by cofactor is
A=l0 3 2 SoadjA=| 5 -2 =3|iswrong. | [ 5 2 3]
1 -1 1 -10 4 6 -5 —2 3 |aftertaking
—-10 4 6 |
transpose of above matrix to get adj.A i.e.
5 =5 —10]
2 -2 -4
-3 3 6 |
7.Given matrix A = [ ] prove that | Some students apply A" = aTZIA ilq?/t;\\zlve \év,lal\lf r(;\l/)e -AAZ-1-05A "y
A2-5A +71=0and hence find At In tht_e question finding A-' will be wrong (ATA)A - BATA + 7A-1I.= 0
working. OrlA-5l+ 7A1=0
Or A" ==(5l-A]
Now we substitute A and | to get A-".
1 -1 0 In this type of problem some of students | Correct procedure is:
8.GivenA=[2 3 4|and opts following procedure: Step-1 Find AB
0 1 2 Step -1 Find AB 6 0 0
2 2 -4 Step -2 Find A" by applying formula AB=10 6 0
B=[—4 2 —4| Find the product of A1 =004 0 0 6
2 -1 -5 4] OrAB=61
matrices AB and hence solve the system | Step -3 Find the value of x ,y and z Step -2 Find A~
of equations {Most of the students finds correct AB=6|
X-y=3 answer through the above procedure but | Pre multiply by A on both side
2x +3y +4z =17 we have not done according to the A(AB) = A1 6l)
y +2z =7 question} (ATA)B = 6A!
IB = 6A"
A'=-2B
6
L [ 2 2 —4]
=|1-4 2 -4
‘l2 -1 s

Step -3 we use the value of Ain X = A-
1C find the value of variables.

X=A'C
. 2 2 413
SEA 5
2 -1 5 7
43+217 47
23—-117+5.7
Or[] !1]
4
X=2,y=-1,z=4

[N N

e

17
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Chapter -5

CONTINUITY AND DIFFERENTIABILITY

Let x and y be a function of t. Let
x=f(t) y=g(t)

dy
dy_E
dx 9

dt
Now when it's the turn to find the 2nd derivative then the most common
mistake is,

S. Mistakes Suggestions how to correct the mistakes
No.
1 Sign Error While Solving Modulus functions : fx) =|x|
Wrong way:
While solving the question, the most common mistake done by Letx=-5 So, f(x)=-5
students is defining the modulus function incorrectly. But |x|=|-5|=5
i.e., when x < 0 then treat that the function will give output x, which is | Right way:
incorrect. Let x=-5 So, f(x)=- (-x) =5
And also |x|=|-5]=5
2 Derivative Error: (fg) @) # f (x)g (x)
Students perform some arithmetic operations with the derivative of the
function, which is meaningless. Some of those meaningless F+9 ) = f(x)+ g
operations are listed below:
(fg) (x) = f(x)g (x) (f/9)x) = f(x)/ g
Ft @) =f)+gx®
(f/9) ) =f(x)/ gx)
3 Using Chain Rule Incorrectly: f(x) = sin((log(x))
x) = sin (log(x d
| 00 =sin (o)) 2 sintlogt)
Ix (sin(log(x))) = cos (log(x))
d . d(sin(log(x)))  d(log(x))
— (log(sin(x))) = — *
dx sin(x) d(log(x)) dx
Both the derivative of the functions are incorrect.
cos(log(x)) * %: —Cos(lzg(x))
Similarly, we can find the derivative of second,
which comes out to be cot(x).
4 Solving Implicit Function when y is a explicit function of x:
5 2
y =x
Mistake made by students while they are differentiating the above type | Differentiating both sides w.r.t x,
of function is that they by mistake in rush or unknowingly forget to
introduce the % term when they differentiate both sides w.r.t x. 5y* Z—z = 2x
For example: y° = x? we used chain rule here. First, we
Differentiating both sides w.r.t x, differentiate y°> w.r.t to y and then we further
5y* = 2x differentiated y w.r.t x.
That's the reason we have to introduce % term
in the equation.
5 Finding 2" Derivative When Parametric Function is Given : To solve this problem, we will have to

differentiate %.
After that we will get and extra term which will

be containing dt which can be removed by
substitution
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a‘y

it 2
dtZ _ d y
ax  d?x
dt?

But this is wrong

6 Students generally differentiate the constant symbols wrongly. Differentiation of Constant symbols are same
done as constants
For example, T = 3.14
But what they do when they Differentiate % is that they see the ia @ =0
symbol of pi and they treat it as a variable and they generally write the dx
answer 1/4.
7 Improper use of log during logarithmic Students should know the correct formula for
Differentiations: logarithmic differentiation.
Students generally use wrong log properties
For example, Correct formula is:
log(a + b) =loga + logh
This is not a property. log(a b) =loga + loghb
This is a misconception made by the students
8 In implicit functions, starting the differentiation with dy/dx Insist them to differentiate the equation directly
w.r.tx
9 In logarithmic differentiation, Teaching basics and insisting to take function in
if y = u+v form, log is taken in the beginning the form y=u + v , u=sinx* and v=x*
They take logy= logu + logv which is wrong
10 Writing (logx) as nlogx Give the power rule
logx" = n logx
11 For second order derivative in parametric form using d2y/dx2 is equal | Insist them to write the formula correctly
d ,dy
12 In Implicit function, starting the differentiation with % |n3ift them to differentiate the equation directly
w.r.tx
13 while differentiating inverse trigonometric functions, applying chain More practice with inverse trigonometric
rule functions and chain rule problems
14 For Second order derivative in parametric form — Insist them to write the formula correctly

. d? d (d
using —y——(—y)

dx? _ dx \dx

While teaching the chapter Continuity and Differentiability the following common errors/common mistakes done by students, have
been observed and the practical remedies is suggested that may somehow minimize the mistakes of students.

1.

When the function is defined with different definition in different domain, in that case , the child often get confused to
decide which of the part of the function is taken for calculation of left and right hand limit. To minimize this type of
mistake, we have to illustrate the concept of limit taking the graphs of the functions.

Important properties of the limits must be revising to students to use them directly to minimize the calculation.

While solving the differentiation of implicit functions, students commits the mistakes in differentiating dependent variable
simply, they don’t apply chain rule while differentiating dependent variable. For example ,

xt+yt=y
They differentiate it wrongly as : 2x + 2y = Z—z

Practice of several questions makes them to do calculation free from such errors.
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4. While differentiating the logarithmic function, the students make very common and frequent mistakes while applying the
properties of logarithmic.
For example if we are given the function of the type
y = xSinx (Sinx)cosx

Then students take the log on both sides wrongly in the following way,
logy = log(xsmx + (sin x)cosx)
logy = log x5I"* + log(sin x)¢°s*
This is absolutely wrong.
To avoid such mistakes, we as a teacher must have to take a class that is specially dedicated on logarithmic as there is

no dedicated chapter in the syllabus on this up to class 12. This will help them not only in mathematics but also in physics
and chemistry.

5. Apart from all above, the students commits such unexpected mistakes, which could not be framed. Mistakes are parts of
study, but as a teacher we have to make them aware of each and every mistake in a very positive way which will be an
ultimate remedy of all mistakes. We have to guide them in area of their need above and par our capacity. Practice of
questions of the area of their mistakes will definitely make them better day by day.
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Chapter - 6
APPLICATION OF DERIVATIVE
TOPIC COMMON ERRORS/MISTAKES REMEDIES

Increasing/Decreasing
Functions

Incorrect identification of the intervals
after obtaining the critical points.
Incorrect sign of f(x) to identify the
increasing /decreasing functions
Incorrect differentiation of the given
functions.

Incorrect factorization of algebraic
function to obtain the critical points.
Finding intervals for T-functions
involving multiples and sub multiples
of angles.

After obtaining the critical points it
is better to draw the table for
identifying the sign of f'(x) in
different intervals.

Correctly observing the sign of f'(x)
in the interval before deciding the
nature of the function.

Revising the question after solving.
ASTC should be followed.

Tangents and Normal

Incorrect slope of the tangent
Confusion between slope of tangents
and normal.

Incorrect equation of tangent due to
wrong entry in the equation of line.
Wrong interpretation of the questions.

Be alert while taking the slope of
normal as it is negative
multiplicative inverse of the slope
of tangents.

Entries of values should be
correctly made while writing the
equation of tangents/normal.

Maxima and Minima

Incorrect function differentiated to
obtain Maxima/Minima

Incorrect conversion of function as it
is to be converted in terms of any one
variable with respect to whom it is to
be differentiated to obtain critical
points.

Wrong interpretation of the questions
Problem in understanding the
question

Difficulty in observing the function
which is to be maximize /minimize.

Correct function to be identified
which is to be maximize/minimize
before differentiating.

Sign of f(x) to be properly
observed before declaring any
function to be having point of
maxima/minima.

Always try to identify the function
which is to be maximize/minimize
before differentiating.
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Chapter -7
INTEGRALS

Common errors/mistakes commited by the students and their remedies.

1. Forgetting to put the constant of integration.

Goal: [ x3dx
4
Mistake: [ x3dx = =
4
4
Correction: [ x3dx = =+ ¢
4

Explanation: some students forget to put the constant of integration after that your 1/2 mark cut in examination. So don’t
forget to put the constant of integration.

2. Mixing differentiation with integration (especially in formula)

1) Goal: [ sinxdx

The Mistake: :[ sinxdx = cosx + ¢

The Correction: [ sinxdx = —cosx + ¢

An Explanation

The integral of the sine function is not cosine, but rather is negative cosine, since the derivative of cosine is negative sine.
2) The Goal: Find [ cosxdx

The Mistake: Find the mistake: [ cosxdx = —sinx + ¢

The Correction: [ cosxdx = sinx + ¢

An Explanation: The integral of the cosine function is not negative sine, but rather is positive sine, since the derivative of
sine is cosine.

3) The Goal: find [ e*dx
The Mistake : Find the mistake:

1
x+1 (NOTED)

The Correction: [ e*dx = e* + ¢
An Explanation: An exponential function is not a power function, so the integral formula for a power function does not apply to
finding the integral in this example.

3. Integration by parts: (PROPER CHOICE OF FIRST AND SECOND FUNCTION)

Find : [ xsinxdx

The Mistake: :[ xsinxdx = 1.cosx + ¢
Correction : [ xsinxdx = x. [ sinxdx — [[[ sinxdx %x]dx
= x.(—cosx) — [(—cosx). 1dx

= —x.cosx + sinx + ¢
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An Explanation: some students use product rule of differentiation but in such type question , use by parts method using
“ILATE” where | stands inverse trigonometric functions, L stands logarithmic functions, A stands algebraic functions , T
stands trigonometric functions and E stands exponential functions. We can also choose the first function as the function
which come first in the word “ILATE” .

4. SUSTITUTION METHOD(PROPER USE)

1) Find :[ sin(2x) dx
The Mistake: :a) [ sin(2x)dx = —cos2x + ¢, b)[sin(2x)dx = —2cos2x + ¢

Correction : [ sin(2x) dx = —%cost +c,

Find :f%dx

The Mistake: Find mistake ] = [ — J—
x2+1

Put x2 + 1 = t so, 2xdx=dt
1=2f%dt=2\/i.2+c=4\/?+c (noted)
Correction: Put x? + 1 = t so, 2xdx=dt
I_Zf—dt_ 2Vt.2+c=4t+c=4yx*+1+c

Explanation: some students not replace tin x . So, remember it

5. Limit of definite integration :

1
Find :f 2x(x? + 3)2dx
The Mistake: Find mistake I = fol 2x(x? + 3)%dx
Put xZ + 3 = t so, 2xdx=dt
1,1

I= [ (t)dt (noted)

Eeod|
= |—(t)2 = —
3 0
Correction: Put x% + 3 = t so, 2xdx=dt

I= f:(t)%dt (noted limits change)

= E(t);]: =2(8-3v3)
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Explanation: some students not change the limits of t. So, remember it

2) The Goal: find f, e™* dx
The Mistakes
Find the mistakes:

2 _ _ _ _
1fye*dx=e*f=e?-e"=e2-1

2.f02 e*dx=—-e*j=—e2+(-e")=-e2-1

A Correct Sqution:fO2 e*dx=—e*j=—e2—(-€e)=-e2+1
Explanations
In the first mistake the ant derivative is computed incorrectly - the negative sign is needed.
In the second mistake a common sign error is made. If F(x) is an ant derivative of the integrand (the function in the integral), the
value of the definite integral from a to b is F(b)-F(a), which applies even if F(x) has a minus sign in front of it. So if F(x) = -e, then
F(b)-F(a) = (-e?) - (-e?) =ea-e?.

6. Proper use of the formula for [x"dx

Many students forget that there is a restriction on this integration formula, so for the record here is the formula along with
the restriction.
[xrdx=x"1/(n+1)+c, provided n#-1
That restriction is incredibly important because if we allowed n=-1 we would get division by zero in the formula! Here is what | see
far too many students do when faced with this integral.
[x-1dx=x%/0 + c=x+c=1+c
There are all sorts of problems with this. First there’s the improper use of the formula, then there is the division by zero problem!
This should NEVER be done this way.
Recall that the correct integral of x~' is,

) x*dx=f§dx = log|x|+c
This leads us to the next error.
7. Dropping the absolute value when inteqratinq% dx
Recall that in the formula
de = log|x|+c
the absolute value bars on the argument are required! It is certainly true that on occasion they can be dropped after the integration
is done, but they are required in most cases. For instance, contrast the two integrals,
2x _ 2
1. f2x2+10dx =log|x?+ 10| +c
2.fx—2_x—10dx =log|x%? — 10| +¢
In the first case the x?is positive and adding 10 on will not change that fact so since x2+10>0 we can drop the absolute value bars.
In the second case however, since we don’t know what the value of x is, there is no way to know the sign of x>-10 and so the
absolute value bars are required.

8. Improper use of the formula I%dx=|og|x|+c

Gotten the impression yet that there are more than a few mistakes made by students when integratingi? | hope so, because many
students lose huge amounts of points on these mistakes.

In this case, students seem to make the mistake of assuming that if iintegrates to log|x| then so must one over anything! The
following table gives some examples of incorrect uses of this formula.

Integral  Incorrect Answer Correct Answer
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IX21+1 dx log(x2+1)+c tan-'(x)+c
fxiz dx  log(x2)+c —x~1+c=-1/x+C
[— log(cosx)+c log|secx+tanx|+c

CosXx

So, be careful when attempting to use this formula. This formula can only be used when the integral is of the form Jidx. Often, an

integral can be written in this form with an appropriate u-substitution (the two integrals from previous example for instance), but if it
can’t be then the integral will NOT use this formula so don't try to.

9. Improper use of Integration formulas in general
This one is really the same issue, but so many students have trouble with logarithms that | wanted to treat that example separately
to make the point.
So, for instance we've got the following two formulas,

3
Jdu=% uz +C
Juzdu=1/3u3+C
The mistake here is to assume that if these are true then the following must also be true.

, 2 L3
fdu=; (anything)z+C
[(anything)?du=1/3(anything)3+C
The first set of formulas work because it is the square root of a single variable or a single variable squared. If there is anything
other than a single u under the square root or being squared then those formulas are worthless. On occasion these will hold for
things other than a single u, but in general they won't hold so be careful!
Here’s another table with a couple of examples of these formulas not being used correctly.

Integral  Incorrect Answer Correct Answer

[pe+tldx  2/3(x2+1)32+C %(X\/XZ + 1+ log|x + VxZ + 1]||)+C

[cosxdx  1/3cos3x+C x/2+1/4sin(2x)+C

10. Loss of integration notation

1 ) There are many dropped notation errors that occur with integrals. Let’s start with this example.
[x(3x-2)dx=3x2-2x = x3-x2+C
Here, drop the integral sign you are saying that you've done the integral.
But Here is the correct way to work this problem.
Ix(3x-2)dx=/(3x2-2x)dx=x3-x2+c

I 2) Another big problem in dropped notation is students dropping the dx at the end of the integrals. For instance,

3x2-2x

The problem with this is that the dx tells us where the integral stops! So, this can mean a couple of different things.
[(3x2-2x)dx=x3-x2+c  OR [3x2dx-2x=x3-2x+¢

Without the dx a reader is left to try and intuit where exactly the integral ends! The best way to think of this is that brackets always
come in pairs “(" and “)”.

3) Another dropped notation error that | see on a regular basis is with definite integrals. Students tend to drop the limits of
integration after the first step and do the rest of the problem with implied limits of integration as follows.
I 12 x(3x — 2)dx =/(3x2-2x)dx=x3-x2=(8-4)-(1-1)=4
The answer to a definite integral is a number, while the answer to an indefinite integral is a function. When written as above you

are saying the answer to the definite integral and the answer to the indefinite integral are the same when they clearly aren't!
Here is the correct way to work this problem.
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f X(3X—2)dX=f (Bx2-2x)dx=(x3-x»)?=8-4)-(1-1)=4
1 1

11. Dropped constant of integration
Dropping the constant of integration on indefinite integrals (the +c part) is one of the biggest errors that students make in
integration. There are actually two errors here that students make. Some students just don’t put it in at all, and others drop it from
intermediate steps and then just tack it onto the final answer.

So don't forget the constant of integration on indefinite integrals (the +c part) in the final answer.

¢ Inindefinite integral students forget to write “constant”.

Remedy:- It is must to write “constant” in indefinite integral so students should remember this.

e Some time students write more than one constants when they do integration of terms in one problem separately.
Remedy:- This is not false but it may create problem in finding particular result. So students should write “constant” once
at last of the final answer.Otherwise they should combined all constants in only one constant.

e Students have a view that in integraton “x” is only the variable of integration.
Remedy:- When the variable of integration is denoted by a variable other than “x” the integral formula are modified
accordingly.

y
fy4dy - 4+1

o Students drop absolute value sign in integration of the form [ ﬁdx .

Remedy:-The absolute value sign can sometimes ignore but this is required in most cases.so don't avoid this sign in
integration of this given form. Firstly use this sign and if not necessary then it can avoid otherwise not.

e Improper use of the formula f%dx = In|x| + c. Students do mistake in using this formula.

Remedy:-always remember that formula is applicable only when denominator has only linear form of variable like (ax + b)
type, otherwise this formula will not work.

o Due to relation with differentiation students forget formula of integration especially sign problem occurs mostly.
Remedy:- for this learn formula properly and do more practice on integral problems.

o Students confuse in solving partial fraction related integral problems.
Remedy:- Students should remember all cases of partial fraction and more practice of related problems will help them to
find which partial fraction type is applicable in given problem.

e Students confuse in solving integration by parts related problems which should be taken first or which should be taken
second?
Remedy:- In integration by parts we can use this word for selecting first and second function on the basis of their order
from left to right.
“ILATE”

o In definite integral students solve problem directly due to this many times problem becomes lengthy.
Remedy:-students should remember properties of definite integral and should use these properties in their problems.it will
help them to solve problem in easy way.

4+1
[Ne]

5
+c= y? + c. Here variable is “y".

12. Many students think sin~1xand(sin x) ™1 both are same. Same they think for others trigonometric functions.
Remedy:- Both are not same we have to clarify students difference between inverse trigonometric functions and
trigonometric functions with powers.so that they can use correct formula of integration
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Types of Mistake

Concept

Probable errors

Action taken by
teachers

1. Misconceptions

2. Procedural errors

3. Integration
techniques

4. Learning difficulties

5. Understanding the
problems (Specially
the problems related
to Application of
Integrals)

1- Integration as an
Inverse Process of
Differentiation.

2- Integration by
Substitution.

3-Integration using
Trigonometric Identities.

4- Integral of some
Particular Functions.

5- Integration by Partial
Fractions.

6- Integration by Parts
7-Deefinite Integral.

8- Evaluation of Definite
integral by Substitution.

9-Some properties of
Definite Integrals.
integration formulae
substitution method
Making perfect square
constant of integration
computation while

evaluating the definite
integral

1.Students get confused
with differentiation and
integration formulae.

a) Students committed
mistakes in putting
correct sign of anti-
derivatives.

b) Feel difficulty in
learning ant derivatives
of some functions ax.

2. *In substitution
method students find it
difficult to substitute
correctly.

* Students feel more
difficulty in double
substitution.

*Students make wrong
substitution ultimately
unable to do solve the
problem.

3- *Students apply
wrong trigonometric
formula ultimately
problem could not be
solved. Event not
learning formulae.

4- While doing the
problems based on
some particular function,
students feel more
difficulty in converting
function in standard form
to apply formula,
specially in making
perfect square.

5- Some time students
committed mistakes in
calculating values of
constants in partial
Fractions.

6- Students feel difficulty
in selecting first function
while doing the problems
of integration by parts.
7- Students make silly
mistakes in calculating

1. *Conduct formula
practice test daily - oral
and written.

*To motivate students to
learn formula and solve
problems using formulae
* Practice of repeatedly
writing formulae by
students before teacher.

2-*Teacher should give
the problems involving
variety of substitution.
*Teacher make drilling
the correct substitution
of dx.

*To provide some easy
problems on double
substitution.

3- Teacher should
provide variety of
problems using different
trigonometric identities.
4- Teacher should
ensure more practice in
such problems,
especially in making
perfect square.
*Teacher should set a
pattern in learning these
formulae, and solving
such problems.

5- Teacher should make
drill on it.

Taking variety of
problems based on
partial fractions.

6- Teacher should give
some tips regarding
selecting first function.
ILATE rule etc.

7- teacher should
advised students to not
make such mistakes, to
avoid wastage of time in
recalculating the definite
integral.
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values of definite
integral.

8- Students feel
problems in changing
limits while making
substitution in definite
integral.

Either they don’t change
limit or making mistake
in it.

9- Students committed
frequent mistakes while
evaluating definite
integrals using
properties of definite
integrals.

10- students fail to
identify the method,
which they have to opt.

11- Making perfect
square while doing the
problems of the type
[dx/(ax2+bx+c)

12 students miss the
constant of integration
while writing the answer
& forget to use dx while
integrating.

8- Teacher should
ensure more drill on it by
taking different problems
onit.

Teacher should solve
some problems before
students specially
related to change of
limits while making
substitution.

9- Teacher should
advised to students to
make more drill on it.
Teacher should give
some tips to students to
solve such problems
involving long
calculations.

10- Classification of
problems based on
different methods using
different formulas should
be stressed.

11 Dirilling up the same
method and conduct slip
test frequently.

12-. Concept should be
made clear of putting C,
while writing integrals of
indefinite integrals.
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Chapter — 8
APPLICATION OF INTEGRALS
S.NO. ERRORS CORRECTIONS
1 Students are unable to identify whether the given Students should do practice on the recognition of equations
equation is a straight line, circle, parabola, ellipse etc of different types of curves.
2 Students are not able to draw the rough graph of the Students should do practice to draw the graph of the
given equation. various functions.
3 Students make mistake in shading the required area. Students should read the question carefully and shade the
asked area.
4 Students skip the steps during calculation and unable | Students should not skip the steps and do the calculations
to reach the answers. carefully.
5 Students do not write the unit. Students should write the sq. units with the answer.

Remedial Measures for Under Achievers

1. ldentify the area in which under achievers need help.
Instead of the compete syllabus selected subject material will be given to them.

Pair with one bright student with under achievers so that he/she can improve his/her performance.

el

Ask under achievers to frame short questions and conduct a test on the basis of those questions only to increases
confidence.

Conceptual problems should be discussed with him and ask him to solve on board.

Content material will be developed according to their ability.

Teaching methodology will be applied according to their based requirement.

Keep in touch with the parent of under achievers regarding their performance.

© © N o o

The under achievers should be encouraged by way of effective motivation in the form of rewards and praise.
10. Discussion with teachers should be encouraged.

11. To improve the memory level of under achievers meditation, exercises should be arranged.

12. Focus on the most common questions asked in CBSE board exam.

13. Parent counseling and student’s counseling

14. Peer learning should be encouraged.
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Chapter -9

DIFFERENTIAL EQUATIONS

Common errors/mistakes committed by the students and their remedies -

S No Common errors/mistakes committed Remedies
by the students
1. Difference between order and degree Degree on higher order derivative will be the degree of
the differential equation. Explain by giving some
examples.
2. In finding the degree of a differential When a differential equation is not a polynomial in
equation when it is not defined. derivatives its degree is not defined. More practice and
understanding of questions in which degree is not
defined.
3. Difference between General solution and | General solution contains an arbitrary constant where
Particular solution as particular solution contains particular value in place of
arbitrary constant.
4, Confusion in finding differential equation Form the differential equation by eliminating arbitrary
from given solution constants from the given relation ie order of
differentiation is equal to number of arbitrary constants
5. Separation of variables Arrange dx and dy separately along with its variables.
6. Confusion in value of Pand Qin Linear | 2¥ 4 p(y)y = Q(x), coefficient y will be the value of P. P
differential equation dx .
and Q both are the function of x only
7 Integrating factor Integrating factor (IF)=eJ P(x)dx Integrate P with
respect to x and put on the power of e.
8 Not writing constant of integration in As marks are deducted for not writing constant of
solutions. integration. Always remember to write constant of
integration while integrating.
9 Not finding the value of C (constant of | More practice of questions of finding the particular
integration) in the questions of finding solution.
particular solution of a differential
equation.
10 Solving homogeneous differential Understanding to differentiate between two types of
equations using method for solving linear | differential equations .more practice to solve
differential equations. homogeneous differential equations.
1 Unable to solve the homogeneous More practice of such type of questions.
differential equation if they are of the form:
dx/dy = f(xly)
12 o Students fail to identify the type e Drilling up different types of differential

of differential equation

o Students apply incorrect method
to solve the differential equations
when they fail to identify the type
of differential equation

e  Students apply incorrect method
to integrate the differential
equations

equations problems based on different methods
e  Giving sufficient number of problems for
practice
e Concept should be made clear so that they can
differentiate between homogeneous and linear
differential equations
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Chapter - 10
VECTOR ALGEBRA

Common Mistakes occurred during solving problems of Vector Algebra

1-Collinear Vector: Show that the points A(—2i + 37 + 5k), B(i+ 2j + 3k)and C(7i—k)
are collinear.

Common Mistake AB + BC = AC

Correctform:  |AB| + |BC| = |AC]|

2-Triangular Inequality; For any two vectors a and b
Common Mistake: |d + b| = |d| + |b|
Correct Form : |d + b| < |d| + ||
If |d + E| = |al + |E| then points are collinear
3-Equality of two vector: Find the values of X, y and z so that the vectors@ = xi + 2j + zk,and b = 2i + yj + k
Common Mistake:|d| = |b|
Correct Form: two vectors are equal then corresponding co[nponent equal p
xt+2]+zk=2T+yj+k
X=2,y=2,z=1
4- Projection of Vector: Find the projection of the vector d = 2i + 3j + 2k onthe vector b =i+ 2 i+ k
Common Mistake: Simply multiply @ b = (2i + 37 + 2k). ( + 2/ + k)
Some time only add the vectors ; a + b

Correct Form : Projection of @ on b= and

—|
a =&

(Sl

Projection of b on d =

Qll

5- Vector in direction of other Vector: Find the vector of magnitude 7 in the direction of the sum of the vectors ,a = 27+ 2] —
5k andb =21+ j+ 3k
Common Mistake:: vector of magnitude 7 = 7(@ + b) =7{(27 + 2] — 5k)+(2{ + j + 3k)}
Correct Form:  Write unit vector in the desired direction then multiply by 7
7 (@+b) _ 47+3]-2k
| (@+b)|  VaZ+32+-22

vector of magnitude 7 =
_74i+37—2E
A \/2_9 - -
6- Vector Product:  Find a unit vector perpendicular to each of the vectors (@ + b) and (d — b) where
d=7+]+kand b=i+ 2)+ 3k
Common Mistake: Generaly show that (&@ + b). (G — b)
Correct Form: d + b) = 20+ 3] + 4k and(d—b) =—j— 2k

- - ) j k
A vector which is perpendicular to both is given by (@ + b).x(d — b)=2 3 4
0 -1 -2

|c|=V24
. . . C_—2i+4j-2k
Therefore, the required unit vector is R

7-Area of triangle when two side vectors Given: Find the area of a triangle having the points A(1, 1, 1), B(1, 2, 3) and C(2, 3, 1) as
its vertices
AB=j + 2k

AC=i+ 2j
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Commmon Mistake: Area = %A_B'xﬁ (Generally leave at this stage)

Corroect Form: % |ABxAC | (Scalar quantity)

|G+ 2k)x (1 + 2p)

L, |t Tk -
ABxAC =0 1 2| =—4i+2j—k
1 2 0
1% 3 1
5 [ABxAC| =21
Concept Error Correction

Finding a vector of given magnitude in
the direction of another vector

Forget to find the unit vector in the
direction of given vector

Stress on finding the magnitude of the
given vector

Finding an unit vector perpendicular to
both the vectors d@ and b

dxb
Use the formula as ==
|al|p|

Stress on to use the correct formula

Scalar product of two vectors

After using formula of dot product use of
i,jk

In final result of scalar product of two
vectors we get a scalar quantity so not to

use i, f, k

Area of triangle and parallelogram

Mistakes of not putting or putting 2 with
@ xb|

Stress on to use the correct formula

e Misunderstand the direction of
vectors.

e Confusion in scalar components
and vector components.

e  Confusion in dot(scalar) product
and (cross)vector product
formulae.
jxj and kxk

e Misunderstand the direction of
vector product@ x b .

More emphasis must be given on basic
concepts, formulae and key points.
-Regular practice and more practice.

- Memorize in own language.
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Chapter - 11
THREE DIMENSIONAL GEOMETRY
S Area where mistake | Detail about mistakes committed Remedy
No | committed
1 d.c.sandd.r.s Students sometimes do not understand | Clearly they should be explained that
difference between them, Ford.r.s; a,b,c a2+bz+c2#1 for
d.c.s Im,n [2+m2+n2=1
2 Standard Equation of | Student directly starts to solve problem in | First they should be explained the standard
a straight line equation like X=X Y-y, Z-1,
2x—1:4—y:z+1 om @ b c
2 7 2 Then tell them to convert the given equation in
standard form.
3 Plane parallel to a | Plane ] But here condition of perpendicularity will be
straight line Line < > used
4 Plane perpendicular | Plane ——A— But here condition of parallelism will be used
To a straight line Line
5 Equation of plane to | Students are often ¢bnfused for equation of | Students should be asked to focus on the
be wused in given | plane to be used in question language and get sense from there
problem
6 Line lies on a plane X=X Y-y, ZI-1Z All the things related to this concept should be
i = = ) explained to the students.
Whenline @ b C  lieson
the plane a 1x + b 1y + ¢ 1z + d =0 then what
will happen
7 .Shortest distance Students Apply the formula of shortest distance | Concept should be clear to students through
between two parallel | between two skew lines. problem solving
lines
8 Use of formulae of 3 d | students fail to identify the method , which they | Classification of problems based on different

have to opt

methods using different formulas should be
stressed
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Chapter - 12
LINEAR PROGRAMMING

1. Read the question carefully, understand each statement.
2. Note that which quantities do we require to obtain for maximum, or minimum. Represent those quantities by the symbols x

andy.Notex=0,y=0.

3. Form the inequations involving x and y from the given conditions.

4. Some students are not able to apply the inequality signs correctly. Represent the inequations with sign
(i) 2, ifitis mentioned at least, greater than equal to, minimum of, in the given conditions.
(ii) =, if it is mentioned at most, less than equal to, maximum of, in the given conditions.

Question some students write it as : correct solution/statement is :
Shade the portion for the After drawing the line 4x+3y-12=0 After drawing the line 4x+3y-12=0
inequations Put (1,1) in 4x+3y-12<0 (i) For the inequation 4x+3y-12<0

x20, y=0, 4x+3y-12<0

443-12< 0
-5<0, False

We shade the portion not containing
(1,1) which is a WRONG statement

Take any point which does not lie on the
line. Generally we take (0,0), if it does
not lie on the line. Here we put (0,0) ;
0+0-12<0

-12<0, True
We shade the portion containing (0,0)
Also x=0, y=0

A firm manufactures two types of
products A and B and sells them
at a profit of Rs.5 per unit of type
A and Rs.3 per unit of type B.
Each product is processed in two
machines M1 and M2. One unit
of type A requires 1 minute
processing on M1 and 2 minutes
on M2. Whereas 1 unit of type B
requires 1 minute of processing
time on M1 and 1 minute on M2.
Machines M1 and M2 are
respectively available for atmost
5 hours and 6 hours in a day.
Find out how many units of each
type of product should the firm
produce in a day in order to
maximize the profit. Solve the
problem graphically.

Let x units of product A and y units of

product B are produced per day.
Then LPP is
To maximize
Z = 5x+3y
subject to constraints
x20, y=0
X+y <5
2X+y <6
Above both the statement are
WRONG statements.
[ Note that 5 and 6 are in hours ]

let x units of product A and y units of
product B are produced per day.
Then LPP is
TomaximizeZ=5x+3y
subject to constraints x=0, y=0

x+y <300

2x+y < 360
Now find the the feasible region and
proceed
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sometime a question is

A one unit of product A
requires 2 minutes for grinding
and 3 minutes for cutting and
one unit of product B requires 1
minute for cutting and 3 minutes
for grinding. Each machine, for
grinding and cutting is available
for atmost 4 hours in a day.
Find.......... i

Let x units of product A and y units of
product B are produced per day.
Then LPP is
To maximize Z = 5x+3y
subject to constraints
x20, y=0
2x+y < 240
3x+3y <240
Above both statement are WRONG.
[ In this question note the placements
of cutting/grinding ]

(say)

Let x units of product A and y units of
product B are produced per day.
Then LPP is
To maximize Z = 5x+3y
subject to the constraints

x20, y=0

2x+3y < 240

3x+y 240
Now find the feasible region and proc

eed

Common error committed by students are as follows:

1: Symbols used in linear programming problem that is, <, >, <, and 2.

2: Making of objective function.

3: wrong interpretation of problems.
4: Simplification of linear equation.

5: Drawing of lines by wrong coordinates.

6: choosing of wrong feasible region.

7: Posting mistakes

8: difference of bounded and unbounded feasible region.

9: Changing the Inequality Sign.

Remedies to remove errors:

1: Developing and using symbol sense in mathematics.
2: while solving the Problems must interpret the problems, so that to reduce the understanding of question.
3: Try to take the co-ordinates on the axes by substituting x=0 in one time and y=0 in other case.

4: Always take x 20,y 2 0.

5: verify the feasible regions by taking suitable points.
6: taking proper scale for drawing lines.

7: To avoid posting mistakes calculation must be on the same page by making a margin.

8: When multiplying/dividing any inequality by —1, the direction of the inequality should change.
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Chapter - 13
PROBABILITY

Conceptitopic

Probable errors

Action to be taken

Conditional probability

Unable to identify the conditional event
in questions based on ‘conditional
probability’

More practice of such questions

Identifying the types of events

Unable to identify the question (whether
conditional or independent events or
Bayes’ theorem )

More practice of questions of various
types .

Mathematical findings from Word
problems

Difficulty in converting word problem into
mathematical terms

Drilling in conversion of different kinds of
problems

Conditional events in Bayes’ theorem

Mistakes in identifying different
‘EVENTS' in Bayes’ theorem

Mistakes in identifying the probability of
different events in Bayes’ theorem

More practice of such questions

Drilling in such problems

Computation

Computational mistakes

More concentration and attention

Probability distribution

Inability to find out the correct random
variable

Unable to form the probability
distribution table

More practice of such questions

More practice to be given

Final value

Forget to write the final answer

Emphasis on writing the final answer.
Reminding again and again

COMMON MISTAKES/ERRORS COMMITTED BY STUDENTS IN TOPIC : PROBABILITY

1. To score well in the Topic “Probability”, the students must have clear concepts of sets, operations on sets, and better
understanding of the terms : random experiment, outcomes, sample space, trials, events, types of events, probability,
conditional probability, independent events, partition of sample space, probability distribution etc. They should also
properly understand the multiplication theorem on probability, theorem of total probability and Bayes’ theorem etc. Most of
the common mistakes done by students can be overcome with proper understanding of basic concepts.

2. The students, many times, put the probability of event A i.e. P(A), in the denominator, in the result for conditional

probability P(A/B), whereas correct resultis P(A/B)=

P(ANB)
P(B)

3. They, many times, forget how to find the probability of not happening of event A. The correct resultis P(A") =1—P(A)

4. ltis very important to read the question carefully, the students generally miss the term “with replacement” or “without
replacement” while doing problems of “taking out some articles from a bag’.

5. The students should have clear knowledge of “how many” and “what type of cards” constitute “a pack of playing cards”
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6. The students should use the result of “conditional probability” to understand the “multiplication theorem on probability”
and to do the problems using concepts, not just by cramming the results. The correlation of concepts is very important.

7. The students should be able to clearly distinguish between “independent events” and “mutually exclusive events”. They
should know how to check two or more events as independent .

8. Instead of cramming the result for Bayes’ theorem, the students should have clear understanding of partition of sample
space, theorem of total probability and Bayes’ theorem step by step and to clearly find out hypotheses, priori and
posteriori probability of hypothesis, by reading the given question carefully, and then only put the values in the result for
Bayes’ theorem. They should also carefully find out whether the given question is of “Theorem of total probability” or that
of “Bayes’ theorem”
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MINIMUM LEARNING MATERIAL
(CAPSULE FOR UNDERACHIEVERS)

Chapter -1
RELATIONS AND FUNCTIONS

KEY POINTS:

1. Avrelation R in set A is called an equivalence relation in set A if it is
(a)reflexivei.e (x,X)eR , VxeA
(b) symmetrici.e if (x,y) eR =>(y,X)€R , Vx, yeA
(c)transitivei.e if (X,y) €eR &(y,z) eER =>(X,2)eR , Vx,y,z€eA

2. n(A)=m, then number of relation in A is 2m* Number of reflexive relation 2™* — m.
3. A function f:A— B is invertible(bijective) if it is (a) one-one (injective) i.e f(X;)=f(X2)=>X1=X,,
X1,X2€A4_(b) onto(surjective) i.e f(x)=y defined for all y ecodomain i.e. Range= Codomain
4, y=f(x) and f is BijectiveFuntion, then It is invertible and x=f~1(y) .
Objective Type Questions
1. IfA={1, 2, 3}, then the relation R ={(1, 2), (2, 3), (1, 3)}inAis __.
transitive only
reflexive only

symmetric only
symmetric and transitive only

coow

2. Arelation R on a set A is called an empty relation if

. no element of A is related to any element of A

b. every element of A is related to one element of A
c. one element of A is related to all the elements of A
d. every element of A is related to any element of A

Q

3. LetR be the relation on N defined as xRy if x + 2 y = 8. The domain of R is
a. {2,4,6, 8}
b. {2,4,8}
c. {1,2,3,4}

d. {2,4,6}

4. Consider the non-empty set consisting of children in a family and a relation Rdefined
asaRbif a is brother of b. Then R is
(A) symmetric but not transitive (B) transitive but not symmetric
(B) neither symmetric nor transitive (D) both symmetric and transitive

5. The maximum number of equivalence relations on the set A = {1, 2, 3} are

(A)1 (B) 2
)3 (D)5
6. If arelation R on the set {1, 2, 3} be defined by R = {(1, 2)}, then R is
(A) Reflexive (B) transitive
(C) Symmetric (D) none of these
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7. Let A={1, 2, 3} and consider the relationR ={1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1,3)}.
Then R is
(A) reflexive but not symmetric  (B) reflexive but not transitive
(C)symmetric and transitive (D) neither symmetric, nortransitive

8. Ifthe set A contains 5 elements and the set B contains 6 elements, then thenumber of
one-one and onto mappings from Ato B is

(B) 720 (B) 120
©o (D) none of these
9. Which of the following functions from Z into Z are bijections?
(D) f(x) = x* B)f(X)=x+2
(E) f(x)=2x+1 (D) f(x) =x*+ 1
10. Let f: [2, ©) — R be the function defined by f (x) = x> — 4x + 5, then the range
offis
(F) R (B)[1, =)
(G) [4, =) (B) [5, =)

Short Answar Type Questions:

1. Ifn(A) = p and n(B) = q, then the number of relations from set A to set B =

2. Afunction is called an onto function, if its range is equal to

3. Find (gof)(x), if f(x) = x|, g(x) = |5x + 1].

4. Show that function f: N — N, given by f(x) = 2x, is one — one.

5. LetS ={1, 2, 3} Determine whether the function f: S — S defined as below haveinverse.
f={1, 1), (2 2), 3, 3)}

6. Letf:{1,3,4}—{1,2,5}andg:{1, 2, 5} — {1, 3} be given by f={(1, 2), (3, 5), (4, 1)}
and g ={(1, 3), (2, 3), (5, 1)}. Write down gof.

7. Consider f: {1, 2, 3} {a, b, ¢} given by (1) = a, f(2) = b and f(3) = ¢ find f* and showthat (f*)™* = f.

8. Isg={(,1),(2,3),(3,5), (4, 7)} afunction? If g is described by g(x) = ax + b, then what
value should be assigned to a and b.

9. Let the function f: R — R be defined by f(x) = cosx, x € R. Show that f is neither one-one
nor onto.

10. Let L be the set of all lines in plane and R be the relation in L define if R = {(L,, L, ): L4Is
perpendicularto L, } .Show that R is symmetric but neither reflexive nor transitive.

11. If the function f : R R is given by f (x) = x* + 2 and g: R — R is given bythen find fog and gof and
hence find fog(2) and gof(- 3).

12. Show that f: R —R defined by f (x) = [ x ] is neither one-one nor onto.
13. Find fog for f(x) = € ; g(x) = log x

14. Show that the function f: R —-R given by f(x) = 3x — 4 is a bijection.
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15. Find fog and gof if f(x) =x*+ 2 and g(x) = 1 - %
- X

16. Let :R—R defined by f(x) = 2x — 3 and g : R—R defined by g(x) = %3 . Show that fog = Iz = gof.

17. Show that the function f: R —R given by f(x) = x* + x is a bijection.

40



Mathematics/ Xl (2020-21)

Chapter-2
INVERSE TRIGONOMETRIC FUNCTIONS
KEY POINTS :

S
sim! : [-1. 1] — __E—'E_
cos! : [-1. 1] — [0. =]

S
cosec™! - R—-—(-1.1) — __E-'E_

T
sec™! : R—(-1.1y — [0. ] — {5

(—m =
tan™’ R — [TE}
cot™! R — (0. m)

- . x+y ~
5. (i) tan™x + tan™! y = tan’! —'1., xy =1
1-—xy
. xX—y -
(ii) tan~x — tan™ y = tan™ |
1+xy

2x
(ili) 2tanlx = tan™ — x| <1
- x

6. (i) 2tam’ x = sin? —2>_ |x| <1
&
(ii) 2tan™ x = cos™ i_x, L x20
+x”
2:
(iii) 2 tan™ x = tan™ n T,, —1<x<1
_x"

One mark questions:

Q.1 Find the value of sinE - sin‘l(_?l)].

Q.21f sin(sin-% + cos-'x ) = 1. Find the value of x.

137 )
cos——

cos '[
Q.3 Find the value of 6 )
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&
cos 'L——]
Q.4 Find the principal value of 2

cosec” (—\E]

Q.5 Find the principal value of
cos '[lJ—ESin '[l]
Q.6 Find the value of 2 2

Two marks questions:

o x=1 o ox+lm
tan + tan =

Q.7 If x-2 x+2 4 then find the value of x.

Q.8 Write the function in the simplest form:
.[msx—sinx"
tan | ——— |, 0<x<m

cosx+sinx )
Q.9 Prove that :
-1 I -1 I

1

i 1 _ T
+ 1an =

b tan”

Q.10 Express in the simplest form

tan-1 (_.1+xe-1) ,x=0

Q.11 Solve 2 tan''(cos x) = tan-1(2 cosec x) .

Three marks questions:

Q.12 Solve l+x 2
A -1 L 1-x
Q.13  Prove tan'Wx =~ cos™( ), xE (0,1)

Q. 1 4 Prove that :

/ - a
[ N+sinx+1-sinx | x S
cot |=—”rel{l. —
2 §

R\l{l+5inx—~.,."'1—:«‘inrg 4
Vitr—1—x]_m 1

Z-Zcosx,-1W2 < x < 1.

Q.15Prove that : tan-* [m T
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Chapter- 3
MATRICES

KEY POINTS:

(1)

(2)

(3)

(4)
(5)

(6)

(7)

(8)

(9)

(10)

(11)
(12)

(13)

Matrix: A Matrix is a rectangular arrangement of number or functions arranged into a fixed
number of rows and columns.

Order Of Matrix: The order of a matrix is defined by the number of rows and columns of that
matrix.

Square Matrix: A Matrix in which the no. of rows is equal to the no. of column’s say n, is
called a square matrix of order n.

Diagonal Matrix: A square matrix [aj] is said to be a diagonal matrix if a;; = 0 for i#].
Scalar Matrix: A Square matrix A = [ajj]nxn is called a sca;ar matrix of (i) aj=0forall i#j and
(ii)aj=cVi=j,wherecz0

Identity or Unit Matrix: A Square Matrix A = [a;]nxn is called an identity or a Unit matrix, if (i)
aj=0forallizj (i)aj=1Vi=j.

Null or Zero Matrix: A Matrix whose all elements are zero is called a null matrix or a zero
matrix. ie.,A = [a;] is null matrix if a; =0V i,j

Equal Matrices: Two matrices A = [ajj]mxn and B = [bjj]mxn Of the same order are equal if aj; =
bV i, ]

If A = [ajj]mxn, B = [bjjlmxn Of the same order are equal if

(i) Commutativity: A+B = B+A

(ii) Associativity: (A+B)+C = A+(B+C)

(iii) Existence of Identity:A+0=0+A=A

(iv) Existence of Invers: A+ (-A) =(-A)+ A =0

(v) Cancellation Laws: A+ B=A+C >B=CandB+A=C+A > B=C

If A and B are tswo matrices of the same order and k, | are scalars then

(i) K(A +B) = kA + kB

(ii) (k+ 1)A = kA + IA

(iii) (kDA = k(IA) = I(kA)

(iv)  (-k)A=-(kA) = k(-A)

(v) IA=A

(vi) (-1)A=-A

If A and B are two matrices of the same order then A—B = A + (-B)

Multiplication of Matrices: Two matrices A and B are said to be defined for multiplication if
the number of columns of first matrix is equal to the number of rows of second matrix. Let A
[@ij]mxn @nd B = [bjnxp then AB = [Cjj]mxp Where

Cjj = aibyj + apby + ....... +ainbp = Y= airbrj

Properties of matrix multiplication

(i) Matrix multiplication is not commutative

(ii) Matrix multiplication is associative

(iii) Matrix multiplication is distributive over matrix addition.

(iv) If A is an mxn matrix then I, A= A =Al,.
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(v) If A'is an mxn matriX AmxOnxp = Omxp & OpxmAmxn = Opxn
(vi) In @ matrix multiplication the product of two non zero matrices may be a zero matrix

(14)

(15)

(16)

(17)
(18)
(19)

(20)
(21)

Transpose of a Matrix: Let A = [a;] be an mxn matrix then the transpose of A, denoted by
ATor/T, is an nxm matrix such that A" = aji

Properties of Transpose of a Matrix:

0 (AN =A (ii) (A+B)" = AT+B'

(i (KA) = K AT (iv) (AB)" = BTAT

(i)  (ABC)'=C'B'AT

Symmetric Matrix: A Square matrix A = [a;] is called a symmetric matrix if

A=A"

Skew Symmetric Matrix : A Square matrix A= [aj] is called a skew symmetric matrix if AT=—A
Principal diagonal elements of askew symmetric matrix is zero.

Every square matrix can be uniquely expressed as a sum of a symmetric and a skew-
symmetric matrix.

All positive integral powers of a symmetric matrix are symmetric.

All odd positive integral powers of a skew-symmetric matrix are skew-symmetric.

Short And Long Answer Type Questions:

Q1-Form a 2X 3 matrix A whose elements are given by a;;= % li — 3j].

Q2-Find the values of a, b, c and d from the following equation:

2a+b

5c—d 4(11232]:[141 ;ﬂ

Q3- |fA=[§ gand B=[

31

" 2], find AB.

Qé- IfA=[§ g] find A.

Q5-. Define symmetric matrix.

Q6-.IfX+Y=[2
Q7- If A =[

Q8- Simplify cos A [

7 0
2 5

7 g]and X-=-Y =[(3) g],then find Xand Y.

], find %(A +A).

cosA sinA

SinA —COSA]
—sinA cosA '

] +sinA [cosA sinA

QO-If a matrix has 24 elements, what is the possible order it can have?

Q10- Find the values of x, y and z from the following equation:

[x +y
54+z xy
Ql1- |fA=[

2 4
2 3

_[6 2
5 8

| and B=[i ;] find ah of following
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(()A+3B (i) A-2B

1
Q12-1fA=|2| and B=1[2 3 4], then find AB.
3
2 0 1
Q13-1fA=|2 1 3|, thenfind A>:-5A+6l .
1 -1 0
1 0 2
Ql4a-1fA=|0 2 1|, prove that A3-6A%+7A +2 1 =0.
2 0 3

Q15- Define skew symmetric matrix.

. ¢ [x+3y ¥ [4 -1
Q16 Fmdthevalueofxandy,lf[7_x 4] [0 4]

Q17-If A =[ 3 1], Show thatA? -5A+71=0
-1 2
.1 5 .
Q18-For the matrix A—[6 7], verify that

(i)(A + A) is a symmetric matrix.

(ii)(A - A) is a skew symmetric matrix.

Q19-Express matrix A=[?1’ _51] as the sum of symmetric and skew symmetric matrix.

3 3 -1
Q20- Express matrix A=|—-2 -2 1 ]as the sum of symmetric and skew symmetric matrix.
-4 -5 2

Multiple Choice Questions

Q21- A=[aij]mxn is a square matrix, if
()m<n  (ii)m>n (iii)m=n (iv) none of these

Q22-The number of all possible matrices of order 3x 3 with each entry O or 1 is:
(i) 27 (ii) 18 (i) 81 (iv 512

Q23- If A, B are symmetric matrices of same order, then (AB —BA) is a

(i) skew symmetric matrix (ii) symmetric matrix (iii) zero matrix (iv) ldentity matrix

cosa —sSina

24-If A=
Q [sin a cosa

]’ and A+ A= |, then the value of a is

(i) (i) (iii) 7 (iv)32—”

45



Mathematics/ XII (2020-21) L,

Q25- If A=[;[ —ﬁa] is such that A* =1, then

(i) 1+a? + By =0 (i) 1—a?® + By =0 (i) 1—a?® — By =0 (iv)1+a?® — By =0

Q 26- If the matrix A is both symmetry and skew symmetric, then
(i) A is diagonal matrix(ii) A is zero matrix (iii) A is square matrix (iv) none of these
Q27 - If Ais a square matrix such that A> = A, then (I + A)3 =7 A is equal to

(i)A (i) 1—A (iii) | (iv) 3A

Q28-IfA = (1) (1)], then A? is equal to

4 [0 1 .1 O .. [0 1 .1 0
(i) [1 0] (ii) [1 0 (iii) [0 1 (iv) [0 1
L 0 x+2]. . . .

Q29-If A== [Zx _3 0 ] is skew symmetric matrix, then x is equal to

(i)§ Gi) 5 (i) 3 (iv) 1
1 2 -
Q30-If A= [3 4] , then (A+A4) is equal to

(i) [é {53 (ii) B i] (iii) [2 g] (iv) none of these
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Chapter-4

DETERMINANTS

KEY POINTS:

1. Only square matrices have determinants.

2.if A= [aij]3><3, then |kA|=k3|A|.

3. If A is singular matrix, |A|=0

4.If A is skew symmetric matrix, |A|=0

5. If Ais a square matrix of order n,| adj A|=|A|™""1

L X Y1 1
6. Area of triangle =Xz Y2 1
X3 y3 1

&. If Ais a square matrix of order n, then A=1=

adj A
|A|

where|A| # 0i.e.A is non singular matrix.

1MARK QUESTIONS
1. Giventhat Ais a square matrix of order 3x3 and |A|=-4. Find |adjA|
2. Let A= [aj] be a square matrix of order 3x3 and |A|= -7. Find the value of ar1AxtaiAxntaisAzs Where Aj is the cofactor of
element a;.
3. Find adjointof A= [ %]
4. |If Alis a square matrix of order 3 and|A| = 6 then find|2A]|.
What is the value of|315|?
2cos® —2sinB
EvalieR sin® cosO
7. IfA = [3 g] Write the value of |adj A|.
8. If Ais the square matrix of order 3 such that |adj A | = 81, then find|A].
9. If Ais the square matrix of order 3, with |A| = 9,then find |2 adj A|.

10. If Ais a singular matrix, then write |A|.

2 MARKS QUESTIONS

11. If Ais a square matrix of order 3 such that A2=2A, then find the value of |A|.

12114 =[], showthat A2 5A + 71=0. Hence find A"
13. 1A= 0 2] thenfind k so that ka? = 54 — 211.
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1 2 3
14. Write the cofactors of the elements of second and thirdrow |—4 3 6.
2 =7 9

3 MARKS QUESTIONS

15. Find the value of k, such that area of triangle with vertices (3, k), (2, 2), (-4, 1) is 3 square units.
16. .Given matrix A =[_31 %] prove that  A2-5A+ 71 =0 and hence find A-".

17.1f A= [i 3 | andB = [_11 ‘32] then verify that (AB)" = B A,

2 1 4
18. Find adjoint of matrix A, where A =[0 3 2]
1 -1 1
SMARKS QUESTIONS
1 -1 0 2 2 -4
19. Given A=[2 3 4] and B=[—4 2 —4] Find the product of matrices AB and hence solve the system
0 1 2 2 -1 =5
of equations x -y = 3,2x +3y + 4z =17y +2z =7
2 =3 5
20.1fA=[3 2 —4]|, find A", Using A solve the system of equations:
1 1 =2

2Xx-3y+5z2=113x+2y-4z=-5 x+y-2z=-3

1 -1 217[-2 0 1
21. Use the product [O 2 —3] [ 9 2 —3] to solve the system of equations x —y + 2z = 1,
3 -2 4 6 1 -2
2y—3z = land 3x — 2y +4z = 2

1 2 0
21fA=|-2 -1 —2‘, Find A™. Hence solve the system of equationsx — 2y =
O -1 1

10,2x —y—z = 8and —2y+z = 7.
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Chapter 5
CONTINUITY AND DIFFERENTIABILITY

KEY POINTS:

1. If a function is continuous at x=a, then lim,._,, f (x)=f(a)
2. Learn all the basic formula of derivatives .The following table gives a list of derivatives of standard

functions-

F(X) F(x)
X" nx"t
consant Zero
sinx COSX
COSX -sinx
tanx Sec’x
secx secx.tanx
COSecx -COSECX.cotx
cotx -cosec’x
logx 1
X
e e
sin~1x 1
1 —x2
1
cos1x 1 — 2
tan lx 1
1+ x2
cot 1x 1
1+ x2
sec 1x 1
xVx? -1
cosec™!x 1
xvVx2—1
a* a*log. a

The following rules were established as a part of algebra of dervatives :

Q) (utv) =u £
(2) (uv) = uv' +vu'

3) (%)' _ u'v—uvr

2
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For inverse trigonometric functions apply the following substitution :

(1) For Vx% — a? put x = acosec@ or a sec@
(2) For Vx% + a? put x = atan@ or a cot@
(3) For Va2 — x2 put x = asin@ or a cos

a?
a?

2_
(4) For i2+ put x* = a*c0s26

X

—a
xt+a

(5) For put x= acos26

Quesl. For what value of a and b such that the function defined by

5ifx<2
f(x)=<ax +b,if 2 <x <10 isa continuous function everywhere .
21, if 10 < x

Ques2. Find the value of k so that the function f given by:

kcosx . T
2,#x¢5 -
f(x) =4 T4% x s continuous atx=7-.
3,if x = >

Ques3. Find the value of k so that the function f given by:

is continuous at x= 5.

_{kx+1,ifo5
¥ 13x —5,if x> 5

Ques 4. For what value of k is the following function is continuous at x= 2
2x +1 if x <2
f(x) =Xk if x=2
3x—1 if x>2
Differentiate the functions with respect to x.

1—cosx

ues 5. lo
Q g 14+cosx

1+tanx
1-tanx

Ques 6. If y = log , prove that % = sec2x

Ques 7. sec(tan(vx))
Ques 8. If yVx2 + 1 = log(vVx2 + 1-X) prove that (x% + 1) Z—z +xy+ 1=0

. . _y (VITx—Ix
Ques 9. Differentiate w.r.to X tan (—er m)
. ay .o, _ -1, 2x
Ques 10. Find — if y= cos (1+x2)
; . i 2x+1
Ques 11.Differentiate w.r.to x sin™?! ( ) .
1+4%

1
4x3-3x

Ques 12. y = sec™!( ) then find <.
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1-y?

Ques 13. If V1 — x2 +,/1 — y2 = a(x-y) then show that% =

LOGARITHMIC DIFFERENTIATION

logx
{log(ex)}?

d
Ques 14.1f x¥ =e*~Y then prove that: = =
dx

Ques 15. Find Z—i Jif y¥ 4+ xY + x¥=aP
Ques 16. Differentiate w. r. to x (log x)* +x08*
Ques 17. Differentiate the function x5 + sinx°s* w. r. t. x

COsX

Ques 18.Find the derivative of y= (sinx)

dy . _ b
Ques 19. Find zx X" +¥*=a

1
Ques 20. Find Zif y = x™*% + (x + D)

DERIVATIVES OF FUNCTIONS IN PARAMETRIC FORMS

dy
. o . dy _ Qe
For parametric equations: x=f(8) and y—g(e)a = dx
do
d
Find—y.Ques 21. X=2at?, y = at*
dx
. d
Ques 22. If x = yasin™"t, y =+/acs™"t show thatd—z = —%

.. d
Ques 23. Find d—i,x = c0s6 — c0s26, y = sinf — sin26

SECOND ORDER DERIVATIVES
Ques 24. If y =5cosx — 3sinx, prove thaty, +y =0
Ques 25. If y = (tan~! x)?2, prove that (1+x2)? y, +2x (1+x%)y1 = 2.

Ques 26. If y = Ae™* + Be™ show that y, — (m + n)y; + mny =0

51
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Chapter-6
APPLICATION OF DERIVATIVES

Key Points:
** |_et | be an open interval contained in the domain of a real valued function f. Then f is
said to be
(i) increasing on | if x;< Xy in | = f (X;) < (xp) for all x4, Xz¢ .
(i) strictly increasing on | if x;< X, in | = f (xy) < f(x,) for all X1, X, I
(iii) decreasing on | if x;< X, in | = f (X1) > £ (xp) for all x4, Xz¢e 1.
(iv) strictly decreasing on | if x;< X, in | =f (xy) > f (x) for all X1, Xz¢e |.
** (i) fis strictly increasing in (a, b) if £ '(x) > 0 for each x € (a, b)
(ii) fis strictly decreasing in (a, b) if f '(x) < 0 for each x € (a, b)

** Slope of the tangent to the curve y = f (x) at the point (Xq, Yo) IS given by {d—ﬂ
(x0.Y0)

(:f’(xo))-
** The equation of the tangent at (Xo, Yo) to the curve y = f (x) is given by y —yo = f'(X,)
(X — Xo).
** Slope of the normal to the curve y = f (X) at (Xo, Yo) is —%.
0
1

** The equation of the normal at (Xo, Yo) to the curve y =f (X) isgiven by y—y, = - 700)
0

(X = Xo).
** If slope of the tangent line is zero, then tan 6 = 0 and so 6 = 0 which means the tangent
line is parallel to the x-axis. In this case, the equation of the tangent at the point (x0, y0) is

given by y = y,.

**1f 0 — g , then tan O—o0, which means the tangent line is perpendicular to the x-axis,

I.e., parallel to they-axis. In this case, the equation of the tangent at (Xo, Yo) IS given by X = X

** et f be a function defined on an interval I. Then
(@) fis said to have a maximum value in I, if there exists a point c in | such that f (¢c) > f (x) ,
for all xel.
The number f (c) is called the maximum value of f in I and the point c is called a point
of maximum value of fin I.
(b) f'is said to have a minimum value in I, if there exists a point ¢ in I such that f (c) <f
(x), for all xel.
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The number f (c), in this case, is called the minimum value of fin | and
the point c, in this case, is called a point of minimum value of fin I.
(c) fis said to have an extreme value in | if there exists a point ¢ in | such that f (c) is
either a maximum value or a minimum value of fin .
The number f (c), in this case, is called an extreme value of f in | and the point c is
called an extreme point.
** Absolute maxima and minima
Let f be a function defined on the interval | and cel. Thenss
(a) f(c) is absolute minimum if f(x) > f(c) for all x<l.
(b) f(c) is absolute maximum if f(x) < f(c) for all xe|.
(c) c e lis called the critical point of f if f'(c)=0
(d) Absolute maximum or minimum value of a continuous function f on [a, b] occurs at a
or b or at critical points off.
(i.e. at the points where f is zero)

If ¢, ,Cy, ..., ¢, are the critical points lying in [a, b], then absolute maximum value of f =
max{f(a), f(cy), f(c), ..., f(cy), f(b)}and absolute minimum value of f = min{f(a), f(c,),
f(cy), ..., f(cn), f(b)}.

** Local maxima and minima
(@) A function f is said to have a local maxima or simply maximum value at x =a if f(a +
h) < f(a) .
(b)A function f is said to have a local minima or simply a minimum value at x = a if f(a =
h) > f(a).
** First derivative test :A function f has a maximum at a point x = a if
(1) f'(a)=0, and
(1) f'(x) changes sign from + ve to —Ve in the neighborhood of ‘a’ (points taken from
left to right).
However, f has a minimum at x = a, if
(1) f'(a)=0, and

(i) f '(x) changes sign from —Vve to +ve in the neighborhood of ‘a’.

If f '(a) = 0 and f’(x) does not change sign, then f(x) has neither maximum nor minimum

and the point ‘a’ is called point of inflexion.

The points where f '(x) = 0 are called stationary or critical points. The stationary points at
which the function attains either maximum or minimum values are called extreme points.
Second derivative test

(1) a function has a maxima at x a if f '(x)=0 and £ " (a) <0
(1) a function has a minima at x =a if f'(x) = 0 and f "(a) > 0.

Increasing & decreasing functions
LEVEL |
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1. Show that f(x) = x* —6x° + 18x + 5 is an increasing function for all x eR.

2. Show that the function x* —x + 1 is neither increasing nor decreasing on (0,1)

3. Find the intervals in which the function f(x) = sin x — cos X, 0< X< 2risincreasing or
decreasing.

4 .Find the least value of ‘a’ such that the function x*+ax +1 is increasing on [1,2].
5.Find the intervals in which f(x) = -x* -2x +15 is increasing or decreasing.

6. Indicate the interval in which the function f(x) = cos x, 0< x < 2m is decreasing.

7.Show that the function f(x) = % Is strictly decreasing on ( 0, ©/2)

8. Find the intervals in which the function f(x) = IO% increasing or decreasing.

9.Find the interval in which the function f(x)=2x> +9x*+12x +20 is (i) increasing (ii)
decreasing
10. Find the interval in which the function f(x) = (x+1)*(x-1)?

LEVEL Il
*1. Find the interval in which the function f(x)=2x> - 9x*+12x +15 is (i) increasing (ii)
decreasing

(CBSE2010)

*2. Find the interval in which the function f(x) = (x+1)*(x-1)*

(CBSE2011)

*3. Find the intervals in which f(x) = log(1+x) 22—X IS increasing or decreasing.
+ X

(CBSE2012)

*4. Find the interval in which the function f (x) =sinx +cosx, 0< x < 2r is increasing or
decreasing

(CBSE2012)
*5_ Separate the interval [0, 7/2] into sub intervals in which f(x) = sin*x +cos*x is increasing
or

decreasing
LEVEL 11
1. Find the interval of monotonocity of the function f(x) = 2x* —log x , X # 0
2. Prove that the function y = 248(':;29 -0 is an increasing function of 0 in [ 0, /2]
+

[CBSE 2011]

54



N2

T e
N—— i —

Mathematics/ Xl (2020-21) et Prerea <

3.Find the intervals in which f(x) = log(1+x) 22—X IS increasing or
+ X

decreasing.
4.Find the interval in which the function f (x) =sinx +cosx, 0< x < 2x is increasing or
decreasing
5.Separate the interval [0, /2] into sub intervals in which f(x) = sin"x +cos’x is increasing or
decreasing .
Tangents &Normals

LEVEL-I

1.Find the equations of the normals to the curve 3x* — y* = 8 which are parallel to the line
X+ 3y =4.

2. Find the point on the curve y = x* where the slope of the tangent is equal to the x-
coordinate of

the point.

3. At what points on the circle x* + y* — 2x — 4y + 1 = 0, the tangent is parallel to x axis ?

4. Find the equation of the normal to the curve ay® = x° at the point (am?, am°)

5. For the curve y = 2x* + 3x + 18, find all the points at which the tangent passes through the
origin.

6. Find the equation of the normals to the curve y = x* + 2x + 6 which are parallel to the line

X+ 14y +4=0
7. Show that the equation of tangent at (X;, y1) to the parabola yy;=2a(x + Xx;).
[CBSE 2012Comptt.]
LEVEL- Il
*Quel. . Find the equations of all lines having slope 0, which are tangent to the curve
1
Y= T 2x+3

*Que2. for the curve y=4x® —2x° , find all the points at which the tangents passes through
the origin.

(CBSE2013)
*Que3. Prove that the curves x = y* and xy = k intersect at right angles if 8k * = 1.

(CBSE 2008)
*Qued. Find the equation of tangent and normal to the hyperbola Z—i— y° =1 at the point

b?

(Xo0,Y0)
*Que5. Find the equation of normal to the curve y = x* +2x+6 which are parallel to the line

x+14y +4 = Q.

(CBSE2010)
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LEVEL-II
1. Find the equation of the tangent line to the curve y = v5x -3 —2 which is parallel to the
line

4x -2y +3 =0
2. Show that the curve x? +y* —2x = 0 and x* +y* —2y =0 cut orthogonally at the point (0,0)
2 2
3. Find the condition for the curves X—2 —Z—z =1and xy = ¢ to intersect orthogonally.
a

4.Show that the normal at any point ¢ to the curve x =acoso+ aosind,y=asin® —ae cos
0
Is at a constant distance from the origin.
[CBSE 2013]
Maxima & Minima

LEVEL |

1. Find the maximum and minimum value of the function f(x) =3 — 2 sin x
2. Show that the function f(x) = x> +x? + x + 1 has neither a maximum value nor a minimum
value
3. Find two positive numbers whose sum is 24 and whose product is maximum
4. Find the absolute maximum and absolute minimum values of the function f given by

f(x) = cos® x + sin x, X < [0, =].
5. Prove that the area of a right-angled triangle of given hypotenuse is maximum when the
triangle is isosceles.
6.A piece of wire 28(units) long is cut into two pieces. One piece is bent into the shape of a
circle and other into the shape of a square. How should the wire be cut so that the combined
area of the two figures is as small as possible.
7. A window is in the form of a rectangle surmounted by a semicircular opening. The total
perimeter of the window is 10 m. Find the dimensions of the window to admit maximum
light through the whole opening.

LEVEL 1l

*Quel. A window is in the form of rectangle surmounted by a semicircular opening. The
total perimeter of the window is 10 m. Find the dimensions of the window to admit
maximum sunlight through the whole opening. Explain the importance of sunlight.
(CBSE2011)
*Que.2. Que2. Show that the height of cylinder of maximum volume that can be inscribed in

. - 2R
a sphere of radius R is NER
*Que3. Show that the semi-vertical angle of a cone of maximum volume and of given slant

(CBSE 2012,2013)

height is
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tan"1 /2.
(CBSE 2008,2011)

*Que4. Find the maximum and minimum values of the function f(x)= |x+3forall xeR.

*Queb. Length of three sides of a trapezium other than base is equal to 10cm each, then
find the area of the trapezium when it is maximum? (CBSE
2010,2013)

*Queb. A tank with rectangular base and rectangular sides, open at the top is to be
constructed so that its depth in 2m and volume is 8 m®. If building of tank costs Rs.70 per
sg. metre for the
base and Rs.45 per sq.metre for sides, what is the cost of least expensive tank? (CBSE
2009)

2 2
*Que7. Find the area of the greatest rectangle that can be inscribed in an ellipse X—2+;’—2 =1
a

(CBSE 2013)

*Que8. Find the point on the curve y*= 2x which is at minimum distance from the point (1,4)
(CBSE 2009,2011)

LEVEL Il

1.Find the area of the greatest isosceles triangle that can be inscribed in a given ellipse
having its vertex coincident with one extremity of major axis.
2.An open box with a square base Is to be made out of a given quantity of card board of area
c® square units. Show that the maximum volume of the box is % cubic units.
6+/3

[CBSE 2012 Comptt.]
3.A window is in the shape of a rectangle surmounted by an equilateral triangle. If the
perimeter of the window is 12 m, find the dimensions of the rectangle that will produce the
largest area of the window.

[CBSE 2011]

4. Show that a cylinder of a given volume which is open at the top has minimum total
surface area, when its height is equal to the radius of its base.
5. Tangent to the circle x°+ y*=4 atany point on it in the first quadrant makes intercepts
OA and OB on xandy axes respectively, O being the centre of the circle. Find the
minimum value of (OA + OB). [CBSE
2015]

Questions for self evaluation

1.3. Find the intervals in which the following function is strictly increasing or decreasing:
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f(x) = —2x°—9x* —12x + 1
4. Find the intervals in which the following function is strictly increasing or decreasing:
f(X) =sinx + cosx, 0<x<2n
5. For the curve y = 4x® — 2x°, find all the points at which the tangent passes through the
origin.
6. Find the equation of the tangent line to the curve y = x* — 2x +7 which is
(@) parallel to the line2x —y+9=0 (b) perpendicular to the line 5y — 15x = 13.
7. Prove that the curves x = y?and xy = k cut at right angles if 8k? = 1.
9. Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is

%of the volume of the sphere. [CBSE 2013,2014]

10. An open topped box is to be constructed by removing equal squares from each corner of
a 3metre by 8metre rectangular sheet of aluminum and folding up the sides. Find the volume
of the largest such box.
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Key Points:

xn+1

L [ x"dx=—o

+c
2.[ e*dx=e*+c

ax
3.[ a*dx=—+c
log x

a.[ %dx=logx +c

5. sin x dx=—cos x +c

6./ cosx dx = sinx +c

7. tan x dx = —log|cos x|+c or log|sec x|+c
8./ cotx dx = log|sin x|+c

9.[ secx dx = log|sec x + tanx|+c

10.f cosec xdx = log|cosecx — cotx|+c

11.[ sec?x dx= tan x+c

12.[ cosec?x dx= —cot x+c

13. secx tan xdx=sec x +c

14.[ cosecx cot xdx=—cosec x +c

INDEFINITE INTEGRALS

J'e—zlogcosxdx
1.

, J‘\/1+ 2tan x(tan x + secx)dx

: -1
3. J-sm(tan X) i
1+x°

J.1:L(x3dX

Chapter-7

INTEGRALS

Ans. tanx +c

Ans. log |secx(secx+tanx) | +c

Ans. —cos(tanx)+c

Ans. 1/3 log | 1+x3|+c
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J~(sin‘l x) dx
5.7 V1-x*

1
6. f x(x0+1) dx

I 2x+1 dx

(X + x?)

8. X
fx2+4x+8

dx
9. J.X+\/;

J- Sec2(log x) dx
X
10.

I 1+ sin 3x
11,7 3X—C0S3X

f sinx
Y sin(x-a)

[e* [secx + log(secx + tan x)]dx

13.

J‘;dl X
sin® xcos® x
14.

sin 2x —2c0os x
I dx
15

5—cos?® X — 2sin X
6 J.e3logx (X4)dx

N jCo sec’x.Sec®x.dx

dx

COosE X+ sinx
COs X - 81 X

18.

I sin "t cosx dx
19.

Ans.1/3 (sin™x)? +c

Xn

x0+1

Ans. %log +c

Ans. log|x + x%| + ¢

Ans. log|1+ Vx| + ¢

1
Ans.; log |

Ans. %logIBx —cos3x|+ ¢

Ans. xcosa + sinalog|sin(x — a)| + ¢

Ans. e*log|secx + tanx| + ¢

Ans.—2cot2x + ¢

Ans.log | 5-cos’x-2sinx | +c

Ans. x3/8+c

Ans. -2cot2x+c

Ans. —log| cosx-sins|+c

w X
Ans. —x — —+C
2 2
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N

A

20..j{f”(ax+b)/f(ax+b)} dx

j(xa +a‘+e*.a* +sin a) dx
21.

22. Ixzex3dx

5x+3
23, | —m—dx
f\/x2+4x+10

24. Prove that [ f (x)dx= [ f (a—x)dx

26.| ————d
f V5—de’ —g2¥ X

1
27 ) G ¥

J- X —sin X
28. 7 1-cosx

sin"t\/x —cos 1J_

sint /X +cos 1J_

dx

29.
3x-2
f (x+1)2(x+3)

31

I Cos*xdx

32.
1
f cos(x—a) cos(x—b)

33.

I v cot xdx

Ans.—=tan~1 (wtx_l) SR Sy A

Ans.—

Ans. 1/a log |f(ax+b)|+c

aa+1 ax ea)* )
(ea) + xsina + ¢

Ans.

a+1 loga log(ea)

Ans. 1e +c

Ans. 5y x?% + 4x + 10 — 7log|(x+2)+\/x2+4x+1 |+c

2_

Ans. \/%tan‘1 (x—xl) +c
X

Ans. sin~1 (eT”) +c

Ans. -xcotx/2+c

2(2x— 1) Jx-x2

TL’

Ans. in~1x + 2%

5
2(x+1)

x+1

Ans. —l og |—

+c

x+3

sindx

Ans.= {3x 2sin2x + } +c

1 | cos(x—a) I +c

‘sin(a—b) cos(x—b)

cotx+1—/2cotx
cotx+1++v/2cotx

V2cotx 22

2—\/fx+1|
log

x24/2x+1

2x/_
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2
I# dx x—2
x* +x* +16 Ans 2 tan~! (f) +c
36
2+sinx 7
[EASLLE
1+cosx Ans.2e*tanx/2 + c
37.
.[ ex 2x dX eX—2
6+5e” —e Ans.Iog|ﬁ| +c
38.
J' dx
V7 —6x—X? .1 (%43
Ans.sin (T) +c
39.
J' dx
e’ -1 Ans. log|1 — e™*|+c
i dx
6+ X — X? 2%-1
Ans. sin~1 ( . ) +c
40.
5X x
| 5% .5°".5% dx vt _1
41. Ans. (10g5)? +c
42. [Ve* — 1dx Ans.2[$—\/ex—1+log(1+\/ex—1)]+c
SX +3
I—+dx Ans.5\/x2+4x+10—7log|x+2+\/x2+4x+10|+c
437 x? +4x +10
J‘(X +1)e
(x+1)° Ansile* + ¢
x+1
I(X_s)i dx .
(x-1) Ans.+c
2

45.
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J- X+3

\V5—4x+ X2
46.
c

J_ e2x _1dX

e +1
47.

(3sin@—-2)cosé
| ’ >Z do
48.° 9—C0S" @ —4sin 6

J' dx
49. ° 1+sin x

1
——dx
50, I U2 | 13

dx

.[ COS2X —C0S 2
51.° COSX—COS«

J- 1 1 dx
log x (log x)*
52.

1
[Tlog(log x) + W]dx

53.

2

X
'f 5 5 dx
(xX*+D(x“+4)

54,

I Jian x

55 7 SiN X.COS X

dx

_f(\/cotx +\/tanx)jx

56.

o

57. X

) (Iog (x2 +1)— 2log x)dx

Ans.—V5 — 4x — x2 + sin (%) +

Ans. logle* +e *|+ ¢

4

Ans. 3log|2 — sin6| + =y

+c

Ans. tanx — secx + ¢

1
Ans.2v/x — 3x1/3 + 6x1/6 — 6log (1 + xE) +c
Ans. 2(sinx+xcosa) + ¢

x
Ans.—+ ¢
logx

Ans.xlog(logx) — ﬁ +c

Ans. -1/3tan™x +2/3tan™(x/2)+c

Ans.2vVtanx + ¢

-1 tanx—l)
Ans.\/2 tan ( NTPERIAL

Ans.—1/3 (1 + xlz)?'/2 log (1+5)-2/3|+¢
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2
58. f mdx

f sin2x
(sinx+1)(sinx+2)

T

£ Xsin X cos X
_[ dx
0

1 sin® x+cos” x

2.

fn: xtanx
0 secxcosecx

7t sin X+ cos X
3. J. 4_dx
o 9+16sin2x

4.[2(2logsinx — logsin2x)dx
%
I| X cos 7x | dx

5.0

G.ﬁx2 +2x—3‘ dx
0

a
a—X
7.Prove that: '[ ——dx = ar
JVa+x

log(1+ tan x)dx

O [N

%

;dx

o 1++/cotx
10. f_1|x3 — x|dx

7 COS X
> (L+sin x)(2 +sin x)

'—-&

1zf‘* [lx = 1] + |x — 2| + |x — 3|]dx

J- cosx
1+S|n X

% dx
1+tanx

0
T xdx
. a’cos® x+b?sin? x

1 _ 2 _
Ans. -~ tan 1x+;tan
l (2+sinx)*
Ans. log (1tsinn)? +c

DEFINITE INTEGRAL

Ans. 1/40log9

b4 1
7 10g()
Ans.

Ans. 4

Ans. glogz

Vs
Ans.—
4

Ans. 11/4
Ans. log4/3
Ans.19/2

T
Ans. —
4

Ans. —
2ab

64
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16Iﬁ+\/ﬂ

17. | -————=dx
!J§+V4—x

18.

]T- X
o 1+sin X

Ans. a/2

V4 —X

Ans. 1

dx

Ans. T

19. f01 cot™1(1 — x + x%)dx Ans — —log2

jlog (1+ cosx)dx

20.°

21.Evaluate: |,

Ans. —tlog2

T xsinx Ans n?

0 1+cos?x 4

22. 1

Ans.

1
23. Evaluate NX—].|+|X|+|X+1|)1X Ans.5

2
24, Imdx
-1 X

10.
11.
12.
13.
14.
15.

16.
17.
18.

-1

Ans.1
Questions for Practice

1. INDEFINITE INTEGRALS:

EVALUATE : [

T 3dx [2006]

x. [2002]

1+smx

EVALUATE f x. [2000]

EVALUATE : [ m. [2002]

1- cos2x

dx . [2003]
1-cos 2x

EVALUATE :f tan~" 2= g | 2003 ,2006]

EVALUATE :f ﬁ . [2002]
EVALUATE :. [(1 — x)v/x dx [2012]
EVALUATE : [(3 cotx — 2tan x)% dx [2001]
EVALUATE : [ sec? (7 — 4x)dx [2010]
EVALUATE : [ sin 7x sin x dx[2001]
EVALUATE : [ cos 2x cos 4x dx[2007]
EVALUATE : [(2)* dx [2010]

EVALUATE: [ sin* x dx [2004]
EVALUATE : [=22%dx [2011]

EVALUATE : [ tan™!

sinx

EVALUATE : f dx [2005]
EVALUATE : [ sin 7x sin 5x dx[2000]
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19. EVALUATE : [ cos x cos 7x dx[2002]

20. EVALUATE : [ cos4x cos3xdx [2007]
21.

22.

23.

24,
25.

26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.

43.
44,
45,

46.

47.
48.

49.
50.
51.

52.
53.

EVALUATE
EVALUATE

f50+2 2

f3222'

EVALUATE : [ sin4x cos 7xdx [2007]
EVALUATE : [ sinxsin2x sin3xdx [2012]

EVALUATE

EVALUATE :

EVALUATE

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE

EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :

EVALUATE :
: [tan3xdx [2004]

EVALUATE

EVALUATE :

EVALUATE :

EVALUATE :
EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :
EVALUATE :

[2002]
[2007]
[2011]

f 2, [2000]
f1+51'n§xd [2000]
x+sin?x
[ SREE gy [2000]
x+cos?x
f 1+tanx [2000]
x+logsecx
[t gy [2000]
x+logsinx
f e%dx
e2X_p2x
J e dx
sin(x—a)
fsm(x+a) dx [2006]
f 1

cos(x—a) cos(x—b)

2
sec*x
[
3+tanx

[2009]

2
[ =980 g [2001)

(logx)?
J—dx

f cosec?(logx)
x

f 1

x+xlogx

[2009]

dx  [2000]

2
f w dx [2002]

f vtanx

sinx cos x

f w dx [2002]

1+x2

fsec 2(2tan~ x)d

1+x2

[ 555x'55x'5xdx

[— (x dx

[2006]

f(4x + 2)Vx? 4+ x + 1dx

logx
J=dx

[2010]

1
[EETED) gy [2006]

1+x%

jeCoen 1o+(og)” 1 [2005]

fsm(x a)d

sin(x+a)

f(2x + 1)Vx? + x + 1 dx [2007]

f cos\/_ dx

[2006]

[2009]
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54.
55.
56.
57.
58.
59.
60.
61.
62.

63.
64.
65.
66.
67.
68.
69.
70.
71.
72.

73.
74.
75.
76.

77.
78.
79.
80.
81.
82.
83.
84.
85.
86.
87.

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE

EVALUATE :

EVALUATE

EVALUATE :
EVALUATE :
EVALUATE :

EVALUATE

EVALUATE :

EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :

= — 3dx [2008]
[ gy [2000]

x+logsinx
1+sin2x
f d

[2000]

x+ sin?x

log(sinx)
J =5 —dx [2010]

[e% 4y [2011]

cosec?x

(1+logx)?
f ————dx [2009]

sin2x
fazsin2x+b2c052x dx [2005]
[————dx [2005

5cosx—12sinx

cos(x+a)
fsin(x+b) dx [2006]

1) —(1+ o dx [2003]
CosXx

dx [2007]

(1 sinx)(2-sinx)

x(1+x")

J
I
I snx x [2003]
I
[ =

(2+cos x)(5+cos )
sin 2x

(1- smx)(z cos 2x)

2x 3

2x
f m dx [2003]

D [—2—dx  [2012]

(1- x)(14- x2)

f —(x2+1) oD dx [2002]

L [BanTx gy [2003]

(14x QZ

o e dx [2002]

x+3
————dx [2006]

[ L+ = dx [2006,2007]

i) mdx [2002]
| oy ST dx [2002]
f x4_x2 -dx  [2003]
[
[s——dx  [2006]

f25inx+3cosxd [2006]

[ _dx  [2006]

2x2%2-2x+3

[ +tanx dx

3sinx+4cosx

fﬁdx [2002]
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88.

89.

90.

91.

92.
93.

94.
95.
96.
97.
98.
99.

100.
101.
102.

103.

104.

105.
106.
107.
108.

109.
110.
111.
112.

113.

114.

115.
116.
117.

118.

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :
EVALUATE :

EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :

EVALUATE :
EVALUATE :
EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :

EVALUATE :
EVALUATE :

EVALUATE :

EVALUATE :
EVALUATE :
EVALUATE :
EVALUATE :

EVALUATE :

EVALUATE :
EVALUATE :

EVALUATE

Evaluate

Evaluate

Evaluate

) J.V15 8x

| et 12003]

dx
J-V16 2x 2x2 [2003]
[— W [2003]

[2002]

*d
S ﬁ [2009,03,05]

f x+3
© 7 5—4x—x2

f 5x+3
Vx2+4x+10

2x+5
| Fty x [2001]

f 2x+3

Vx2+4x+3
f 4x+1

V2x2+x-3
2x+3
| Gy dx [2002]

JVx? + 4x + 6dx
[Vx? + 6x — 4dx
dx [2006]

dx [2011]

dx [2000]
dx [2001]

f 1

Vx2—3x+2

f 1
J8+2qx—x2

[ e [2002]
sin“x—2sinx

dx [2002]

fx2+8 +20dx [2002]

(14 x)logxdx [2002]
flog(Zﬁ—xz)dx [2001]
[ dx [2002,2004]

fsec xdx [2003]
[(sin"1x)?dx [2002,2005]

[ e% sinbx dx [2002]

[ e*(tanx —log cos x) dx [2000]
(x=3)e™ 3)e*

f oy 4x [2009]
(x +1)e*

[=—= Gz 4 [2006]

[log(2 + x?) dx [2001]

: [xtan"txdx [2003]
EVALUATE :
EVALUATE :

fxlogZxdx [2007]
f( )dx [2005]

logx (logx)2
2. DEFINITE INTEGRALS
:f:'ex dx

: L;1ii2

2 1 1
: fl e* (; - ;)dx [2002]
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4.

5.
6.

10.

11

13.
14.
15.
16.

17.

18.

19.

20.

21.
22.
23.
24,
25.
26.
27.

28.
29.
30.
31.
32.
33.
34.

Evaluate :

Evaluate : fo /4 sin 2x sin 3x dx [2006]
1
x(1+logx)?2 x

dx[2003]

Evaluate : flz

sin2x

Vs
Evaluate : fO stn4x+cos4x

Prove that : f sin"1(-25) dx =E — log 2. [2002]

14x2

Prove that : fo /4(\/tanx + \/cotx) dx =22 S [2002 03,12 ]

Prove that : f,:/ 2 cos 2x log sin x dx =i 1- g +log?2) . [2003]
4

. Prove that : f_a /ﬂdx =am. [2008]

12.

Prove that : f/ 1+\/md -i. [2007]

Evaluate : f_SIx + 2| dx.

Evaluate : f_zllx3 — x| dx.

Evaluate : ff(lx =1+ |x = 2]+ |x = 3]) dx.
Evaluate : ff/z (cos|x| + sin|x|) dx .

3”/4 Vtanx

T/, Tivianx
Evaluate : f log (— — 1) dx

Evaluate : |-

Evaluate : f /2 __cos*x ————dx [2000]

sinSx+cosSx
Evaluate : fonmdx [2009]
2
Prove that : f:&dx = [2007,08]
secx cosecx 4
Evaluate : f °[x] dx
Evaluate : fon azcoszxibzsmz dx [2003]
Evaluate : fon ——dx [2001]
2
Prove that : [ 232X gy =”T [2001,02,03,08]

0 1+cos2x

VA
Prove that : | /2 1+tlanxdx = % [2003]

xtanx w2
d

Prove that : fon x= - [2008]

secx+tanx

Prove that : fon/z log sinx dx = - glog 2= f:/z log cos x dx
Prove that : fonlog(l + cosx)dx =-mwlog?2

Prove that : fon/‘* log(1 + tan 8) dO = glog 2 [2002,03,04,06]
Prove that : fol cot™1(1 —x + x?)dx = -g —log2. [2008]
Prove that : foz xV2 —xdx = E\/i [2007]

1.
Prove that : [_ sin'®xcos>"®xdx =0

sm X

Evaluate : [, 2 dx [2000c]

sin3x+cos3x
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35

36

37.
38.

39.

40.

41.

42.

43,
44,

. Evaluate :
. Evaluate :
Evaluate
Evaluate
Evaluate
Evaluate

Evaluate

Evaluate :

Evaluate :

. fl/\/z 1

f"/z sin”x

0  sin7x+cos’x

dx [2000]

T n
f /2 sin™x
0  sin"x+cos™x

0

0 1+x2

0 1+x2

0 J(@-x2)
fOSIx —3|dx

:f_néizsinsxdx [2010]
=f1 Ly

[2008]

:ff,474sin3x dx [2010]

;[T 22 dx[2011]

dx[2009]

[2001]

: f”/Z(z logsin x —logsin 2x) dx [2009]

Find k ,if [;(3x% +2x +k)dx =0 [2009]
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Chapter -8
APPLICATION OF INTEGRALS

LEARNING OBJECTIVES/OUTCOMES

ouokrwbdE

Standard equations of straight lines

Equation of circles with Centre at the origin, and center at (h,k)
Equation of parabolas

Equation of ellipse

First fundamental theorem of integral calculus

Second fundamental theorem of integral calculus

1.Area under the curve y=f(x)and the x-axis and the ordinates at x=a and at x=b is f: ydx.

X

y=sr

[§]

X

Y

ol X

3.The area bounded by the curve y=f(x) and x-axis and the ordinates x=a and x=b is given by A;
+A2:A

6.Area of a triangle when the coordinates of the vertices or equations of sides are given.
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.
>

STEPS FOR FINDING THE AREA USING INTEGRATION
STEPS
+ DRAW THE DIAGRAM

MAKE A SHADED REGION
FIND INTERSECTION POINTS
IDENTIFY THE LIMITS
WRITE THE INTEGRAL(S) FOR

THE REGION
EVALUATE THE INTEGRAL
THE VALUE SHOULD BE

POSITIVE

-+ F

+ #

THREE LEVELS OF GRADED QUESTIONS

LEVEL |

1. Find the area of the region bounded by the curve y > = x and the lines x =1 and

X =4 and the x - axis.

2. Find the area of the region bounded by y = x % and the lines y = 2 and y= 4 andthe y- axis.

3. Find the area of the region bounded by the ellipse g + %2 =1

4. Find the area of the region bounded by the parabola y=x? and y=x
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Y
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5. Find the area of the region bounded by the curve y = x petween x = -1 and x=1.
6. Find the area of the region bounded by the curve x?=4y and the line x=4y-2

7.Find the area of the region bounded by the curve y?= 4x and the line x= 3

8 .Find the area of the region lying in the first quadrant and bounded by y=4x? x=0,y=1 and y=4
9. Find the area of the region enclosed by the parabola x> =y, and the line y = x+2 and the
X-axis.

10. Find the area lying in the first quadrant and bounded by the circle x>+ y?=4 and the

lines x=0 and x=2.

11, Find the area of the region bounded by the curve y = ix — axisand between x = 1,x =
4

12 Find the area of the region bounded by the curve y = x + 1 and the lines x = 2 and x = 3
13  Find the area of the region bounded by the curve y = cosx, betweenx =0and x =«
14 Find the area bounded by the curve x2 + y? = 4 in first quadrant
LEVEL 2
1. Find the area of the region bounded by the parabola y= x%and y = |x|
2. Using Integration find the area of the region bounded by the triangle whose vertices
are (1,0), (2,2) and (3,1) *
3. Using integration find the area of the triangular region whose sides

have the equationsy =2x+1,y=3x+1land x=4
4. Find the area bounded by the curve y = sin x betweenx =0 and x =2 &t

5. Find the area of the smaller region enclosed by the circle x? + y2 = 4 and the line

x+y=2

6. Find the area of the parabola y?=4ax bounded by the latus rectum.
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7. Find the area of the region bounded by the line y=3x+2, the x-axis and the ordinates
x=-1 and x=1

8. Find the area of the region included between 4y=3x*and the line 3x-2y+12=0

9. Find area of the region { (x,y) iy <x*+1,y< x+1,0 < x < 2}

2 2
10. " Find the area enclosed by the curve % + % =1
2 2
1 Find the smaller of the two areas enclosed between the ellipse % + % = 1 and the line
x +ay =ab
12. Find the smaller of two areas bounded by the curve y = |x| and x? + y2 = 8

LEVEL 3

1. Sketch the region bounded by the curves y= V5 — x2and y= |x — 1] and find its area.

2. Make a rough sketch of the region given below and find its area using
integration { (X, y); 0< y§x2, 0<y<2xt+3,0<x<3}
3. Sketch the graph of y = |x + 1]. Evaluatef_13|x + 1|dx

4. Sketch the graph of

(lx—=2]+2,x<2
f(x) —{ X2 -2 x>2 Evaluate | f(x)dx

5. Find the area bounded by the curve y=x?, the x-axis and the ordinates x=-2 and x=1

6. Using integration , find the area of the region bounded by the triangle whose vertices are
(—2,2)(0,5)and (3,2)

7. Find the area bounded by curves y = |[x| —1andy =1 — |x|

8.  Find the area bounded by the curves y = |x — 1land y = 3 — |x|

9. Find the area bounded by curve y = x|x| and x -axis and the ordinatesx = —1 and x = 1
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Chapter-9
DIFFERENTIAL EQUATIONS

Order of a differential equations- The order of the highest order derivative in the
differential equation is the order of a differential equation.

Degree of a differential equations — The power/degree of the highest order derivative,
when the differential coefficients are made free from the radicals and the fractions, is the
degree/power of a differential equation.

Examples
1. Write the degree of the differential equation:
3,d%y\2. dy\a _
X (dxz) + x(dx) =0 Ans. 2
2. Write the sum of the order and degree of the differential equation:
ayya_-d2y)3 -
1+ (dx) —7(dx2) Ans. 2+43=5

General and Particular Solutions of a Differential Equation — The solution which contains
arbitrary constants is called the general solution of the differential equation.
The solution free from arbitrary constants is called a particular solution of the differential
equation.
The number of arbitrary constants in general solution of a differential equation of n" order
aren.
Solution of Differential Equations —
(i) Solution of differential equations by variable separable method —
A variable separable form of the differential equation is the one which can be
expressed in the form of f(x)dx = g(y)dy. The solution is given by
[ f(x)dx= [ g(¥)dy + k, where k is the constant of integration.

(ii)  Solution of Homogeneous differential equations —

Identifying a Homogeneous differential equation:

Z—z = f(x,y) , If f(kx,ky) = k"f(x,y), then the given differential equation is

homogeneous of degree n

. dy dv
= —_— + (R
Putting y = vx therefore ool e e

We seperate the variables to get the required solution.
(iii)  Solution of Linear differential equation:

Standard form of Linear differential equation is 3—3; + P(x)y = Q(x), where P(x) and

Q(x) are functions of x only.
Integrating factor (IF)= e[ P(x)dx
The solution is given by

y. IF= [[Q(x)dx.IF]dx +c
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S.No. QUESTIONS ON ORDER AND DEGREE OF A DIFFERENTIAL EQUATION
Find the order and degree (if defined) of the following differential equations
A 2y
Q (d ) +cos(—)—
Q.2. 2 rds _
() (%) + 40
G ()
Q4 (d—)+ 5X( ) -6y =log x
Q.5 dy  dy
—+ —)=0
dx3 Sm(dx) .
Q.6 d d d
dx3 dx? dx
2
Q.7 2x2d—32}—3d—y+y:0
dxz dx
Q.8 d d
(d_i(]) + %— sinx =0
S.No. QUESTIONS ON SOLVING LINEAR DIFFERENTIAL EQUATION
Solve the following differential equations
d
Q.1 ay p y — 2
dx
Q.2. x% + 2y = x?logx
Q.3. dy
x=—+y—x+xycotx =0
dx
Q.4 ay _
. Xty =X +xycotx=0
Q.5 (x+y) =1
Q6 Find a particular solution : % + 2ytanx = sinx;y = O whenx = g
Q.7 Find a particular solution : Z—z — 3ycot x =sin2x;y = 2whenx = %
Q.8 Find a particular solution : Z—i + cotx = 4x cosec x ;y = 0 whenx = %
S.No. QUESTIONS ON SOLVING HOMOGENEQUS DIFFERENTIAL EQUATION
Solve the following differential equations
Q.1 dy
X—=x+y
dx
Q.2. (x?2 —y?)dx + 2xydy =0
Q.3. 2xydx + (x* + 2y*)dy = 0
Q.4 dy x?— y?
dy -y
dx 3xy
Q.5 ay inY =
XY + X sin " 0
Q.6 Find a particular solution : 2xy + y* — 2x Zd—y =0;y=2whenx=1
Q.7

Find a particular solution : [x sin ( ) ]dx +xdy=0;y=- Whenx =1
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Chapter-10
VECTOR ALGEBRA

KEY POINTS:
Position vector of a point:

If P(X,y,z) be any point in space then its position vector with respect to point O is OP and is
usually denoted by # and is given by OPor# = xi + yj + zk

Magnitude of a vector:

Length of a vector is called its magnitude. Magnitude of a vector 7 is denoted by |7| or r and

is given by |7 or r=y/x2 + y2 + z2

Negative of a Vectors :
A vector whose magnitude is the same as that of a given vector say AB, but direction is
opposite to that of it, is called negative of the given vector. Thus vector BA is negative of
vectorAB. It is written as

Unit vector along a given vector:

Vector with unit(one) magnitude is called unit vector. Unit vector along (in the direction of )

—

vector dis denoted by @ and is given by @ = l%l

Vector of given magnitude in the direction of a vector:
Vector of magnitude A in the direction of vector a = Aa
Direction cosine and direction ratios of a vector:

If #=xi+yj+zk makes angle a,B,y with positive direction of X,Y,Z axes, then
cos a, cos B, cos y are called direction cosines of vector 7and are denoted by I,m,n

Hence [= cosa,m = cos f,n = cosy

Alsol =X m=2,
T T

n = fwhere r is magnitude of 7#

Ratios of direction cosines [, m, nis called direction ratios and are usually denoted by a,b,c.

In case of vector 7 = xi + yj + zk we may take x,y,z as direction ratios of vector 7

Projection of donb :
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b

Ql

Projection of donb = @.b =

0

Collinear vectors:

Two vectors are called collinear if they are parallel to each other, means either they are in
same direction or they are in opposite direction.

dandbwillbecollinearifd = Ab

Also if @ = a1 + b,j + c,kandb = a,i + b,] + c,kthen they will be collinear if

a, by ¢«

a B b, ¢
Vector joining two points:
If A(xq,v1,21) and B(x,, vy, Z;) be any two points then vector AB is given by
AB = (2-x)T+ (v —y1)f + (22 — Z1)E
Section formula:
1. Internal Division:

Position vector of a point C dividing a vector Einternally in the ratio of m : n is given by

B
n
b
-
C
O > C
m
— mﬁ”+nm N
0C =——— A

m+n

2. External Division :
Position vector of a point C dividing a vector Eexternally in the ratio of m : n is given

3. Mid Point formula:

If C be the mid point of AB then 0C = 22225

Product of two vectors:
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Scalar (or dot) product of two vectors

The scalar product of two nonzero vectors dandbis denoted by d.b, is defined as as

d.b =|d||b| cos ®where, 0 is the angle between dandb, 0 < 0 <n
If d = a;i + byj + cikandb = a,i + b,j + ¢,k then
d.b =a,a, + b.b, + ¢,

Important results:

1. .Eisscalar(realnumber)

Qu

.b=0if and only if Eiandl_;areperpendicular.

QI QU
J
1

N

2
3.
4

5. The scalar product is commutative. i.e. @.b = b.d
6.
7.

Vector (or cross) product of two vectors

The vector product of two nonzero vectors dandbis denoted by a x b, is defined as as

ixb =|al |l_5| sin Ofiwhere, 0 is the angle between &andB, 0 <0 <z and 11 is unit vector

perpendicular to both Gandb

If d = a;i + byj + cikandb = a,i + b,j + c,kthen

o5k
axXb=la; b ¢
a; by ¢

Important results:
1. d x b is a vector and it is perpendicular to both Gandb

2. Vector perpendicular to both both dandb = 1d X b

—

X

Q
[~

3. Unit vector perpendicular to both both dandb=

S

X

Ql

o 0 B
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8. ixi=0jxj=0kxk=0
9. ixj=kjxk=1kxi=j
10jxi=-kkxj=-1ixk=—j

11.1f dandb represent two adjacent sides of a triangle then area of that triangle =% |€z X 1_5|

12.1f dandb represents two adjacent sides of a parallelogram then area of the
parallelogram =|d@ x b |
13.1f Zand d_z)represent two diagonals a parallelogram then area of the parallelogram

1 d; x &)

IMPORTANT PROBLEMS
(1 Mark Each)

1. Find a unit vector in the direction of the vector b =6i —2j + 3k

o

Solution. Unit vector in the direction of b will be m

- 26"21:3" 2 _Lei—2i430)
J62+ (=2 +(3)

2. Find the projection of @ onb,if &b =8 and b =2i + 6] +3k

—

&

Solution. Projection of donb =

(=N

8

Rl

3. Write the value of p for which & =3i+2j+9k and b =i+ pj+3kare parallel

8
7

vectors.
Solution. Two vectors are parallel if their direction ratios are proportional i.e.
a_b_&
a b ¢
3.2 9 B )
1°5°3 or3p=2or p_é

4. Find the value of p if (2f +6]+27K)x (i +3] + pk) =0
Solution. Cross product of the given two vectors =0

=  i(6p-81)—j(2p-27)+k(0)=0
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81 27
= 6p—81=0 or p:E or p= >
5. If p isaunitvector and (Xx— p).(X+ p)=80 find | X|
Solution. (X—p).(X+p)=80
= X2 —p? =80
or |XP°—|p[*=80 since | pJ*=1
|X[* —1=80 or |x[*’=81 .. |X|=9

6. Find the angle between the vectors a=i—j+k and b =i+ j—k

—

Solution. ..  ab=|d||b|cosd
cosd = Qa.b#
|a|lb

_ (- j+k(+j-k) 1-1-1
V2122 41212 412422 VBB
_1
3
0:003‘1(—

mbi
~——

7. For what value of 1 are the vector +A]+k and b=i-2]j+3k perpendicular

to each other.
Solution. If & are b are perpendicular then ab =0

20+ A(-2)+143)=0
24=-5 o A=Y
Find a vector in the direction of vector a=1-2] whose magnitude is 7.

8.
Solution. Unit vector in the direction of a:%
a
_i=2]  i-2j)
JZ+(2? B
Now a vector whose magnitude is 7 will be %(f—zj)
(2 Marks Each)
1. If a=i+]; b=j+k; c=k+i, finda unit vector in the direction of a+b +¢
Solution. a+b +¢ =21 +2]+2k
. Unit vector in the direction of a+b +¢ = ?+t1+€
|a+b+C|
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2T+ ]+K)
N22 427 4 22
23l + j+K)
TS hF
1 ~ - -~
:E(l + J+k)
2. What is the angle between vectors & and b with magnitude /3 and 2 respectively?

Given a .b=3.
Solution. |d|=+/3,|b|=2 and &b —3 Let ¢ be the angle between & and b

ab 3 3xy3 B
|allb| 3x2 +3x2J3 2

2

3. Let aandb be two vectors such that |& |=3 and |6|:? and a x b is a unit vector.

Now cosé =

Then what is the angle between aandb .
Solution. .. & x b is a unit vector ... |axb|=1
= |a|.Jb|sin@ =1, where'6" is the angle between a and b .
:>3><£sin¢9:1 :sinazi:w:fy
3 J2 4
4. Write the value of i.(jxK)+ j.(kx1)+Kk.(jxi)

Solution. jxk =i, kxi =] andixj=k

Therefore i.(jxK)+ j.(kxi) +k(jxi)=1.14+ j.j—k.k
=1+1-1=1

(3 Marks Each)

1. Ifa=2i+2j+3k b=—i+2j+kand €=3i+ ] are such that &+ Ab is perpendicular to ¢
. Find the value of 1

Solution.  a+4b =21 +2]+3k)+ A(—i +2] +K)
=2-)i +(2+22) j+ @+ )k
Now (a+Ab) is perpendicular to ¢.

(@+1b).c=0
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= [2=D)i +(2+20)]+(B+)K].(B +]) =0
or (2-1).3+(2+21).1+(3+4).0=0
or 8-1=0o0r 1=8

—

2. If axb=cxdand axc=bxd, show that a—dis parallel to b—¢ where a=dand
b=¢c

Solution. Two non-zero vectors are parallel if and only if their vector product is a zero
vector.

Here (3—d)x(b—¢)=(dxb—-axc—dxb+dxc)

=0 (Using given results)
Hence (a—d)is parallel to (b —¢).

3. The scalar product of the vector i+ j+Kk with a unit vector along the sum of vectors
2i +4] -5k and Ai +2]+3k is equal to one. Find the value of 4.

jabl
o

Solution. Unit vector along the sum of vectors = i

jabll
(=

_|_

 (2+2)i+6j-2k  (2+2)i+6]-2k
\/(2+ 2)% +(6)* +(-2)° A2 440+ 44

It is given that the dot product of this vector with (i + j+k) is 1.

2+ A

A+ 6 d- 2 =1
JA2+aa+48  N2%+4i+44  A2+ar+s4

or 2xA+6-2=+A%+41+44

(A+6)° =A% +41+44
or 81=8
A=1

4. If aband ¢ are vectors such that ab =a¢ and axb =ax¢, a=0,then provethat b =¢
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Soln. If ab=4ac then a.(b—¢)=0
— d=0, b-c=0o0ral(-¢)
As, dz0=b-¢ ord.L(b-c)
Also, it is given that axb =axc
= dx(b-¢)=0

#0, b—¢ ord| (b-c)

jabl

=

Q|

as #0=b=¢ ora|(b-c)

from (i) and (ii) , we get

—

(1)

(i)

b=C ,as & cannot be parallel and perpendicular to (b —¢) simultaneously.

5. Find a vector of magnitude 5 units, perpendicular to each of the vectors
(3+Db) and (3—b) where =i+ j+k and b =i +2]+3k

Solution. Let ¢ =a+b =+ j+K)+ (@ +2] +3k)

=20 +3]+4k

Let d=a-b=(@+]+K) —(@+2]+3k)

=—j—2k

Now a vector | toboth ¢ and d will be

i ]k
Exd=2 3 4|=i(-6+4)-j(-4-0)+k(-2+0)
0

-1 -2
=2i+4j-2k
And a vector of magnitude 5 units will be = ?E Xoilj')
Cx
_ 5(-2i+4j-2k)  —2x5(—2]+k)
V27 + (87 4+ (-2 26
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5 o 2 ~
= 2@ -2j+K
6( J+k)
6. If vectors a,b and care such that a+b+c=0 and |a|=3,|b|=5and |¢|=7, find the
angle between a and b .

Solution. - d+b+c=0

or |a]?+|bJ*+2ab=c|?

0 (3)? + (5)* + 2(3)(5)cos & = 49

=

30cos@ =15

0059:% or 9:%

7. If a=21+2]+3k, b =—i+2]+k represents two adjacent sides of a parallelogram.
Find the area of parallelogram.
Solution. If dandb represents two adjacent sides of a parallelogram then area of the

parallelogram =|d@ x b |

Lt gk ) _
axb=|l2 2 3|=i(2-6)—j(2+3)+k(4+2)=—-41—5]+6k
-1 2 1

So |d x b |=/(—4)2 + (=5)2 + 62 =77
Hence area of the parallelogram=+v'77 sq units.

(5 Marks Each)

1.Express the vector a=5—2j+5k as the sum of two vector such that one is parallel to the
vector b =3i +k and the other is perpendicular to b .

Solution :- Let the vector parallel to b be b
I.e. A(3i +k), then the other vector must be a- b .
But this vector must be perpendicular to b .

= (@—-Ab)b=0
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= [(5i-2j +5k)- 43I +K)].(3 +k) =0
= (5- 32)i—2j+ (5-2)K)].(3 +k)=0
= 3(531)+(-2).0+(5-1).1=0 = 15-91+5- 1 =0

= 20=104
= A=2

Hence, the vector parallel to bis 2b
=2(3i + k) = 6i + 2k.

and the other vector = a- b
= (5i- 2] +5K) - 2(3i +K)
=-i-2j+3k.

Problems for self practice
(1 Mark Each)

1. Write a vector of magnitude 7 units in the direction of vector i — 2] + 2k
Find the direction cosine @ = i + 2j — 3k.

For what value of k vector & = 2i —kj +3k and vector b =i —3]j — 4k are perpendicular to each other?

Find angle between the vectors @ =i+j- k and b =2i -} +k
5. Find the projection of the vector @ =21 + 3j +2k on the vector  b=i + 2j + k.
(2 Marks Each)
1. Find a unit vector perpendicular to each of the vectors ~d + band d-b where
d =30+2j+2k and b=t+2j-2k.
2. Show that the points A(1, -2, -8), B(5, 0, -2) and C(11, 3, 7) are collinear .
3. If d,b,¢ are mutually perpendicular vectors of equal magnitudes, show the vectors @ + b + ¢ is
equally inclined tod , b and¢ .
4. Find the value of i.(] xK) + J.(k x1) +K.(] x1)
(3 Marks Each)
1. Find a vector of magnitude 5 units, perpendicular to each of the vectors (a + 5) and (a —5)
whered =1 + j+|€and b= f+2j+3|€
2. Ifd= 2f+2j+3|2, b = —f+2j+|€and € =31 + ] are such that a+abis perpendicular to C
. Find the value of A

AAA AA A
3. Find the area of the Parallelogram having diagonals (31 + j -2k )and (i -3 +4k)

4. Find the value of p if (2?+6j+27|€)x(f+3j+ plz) =0

86



Mathematics/ Xl (2020-21)

1. 22— 2j + 2k)
5o L 2 -3
© Via’ Vi’ Vis
3. 10/3
4. 1/2
10
> T
—-i+2j-2k
1.7
4.1

1 —2(—2]+k)
2. 8

3. 5v/3 units
4, 27/2

Answers

(1 Mark Each)

(2 Marks Each)

(3 Marks Each)
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Chapter-11
THREE DIMENSIONAL GEOMETRY

Key Points:
2 2 2
1) If 1, m and n are the direction cosines of a line then!”+m"+n"=1

. . . a
2) Ifa, b, c are direction ratios then 1= NrerT e and so for m and n.

3) The direction ratios of a vector t =ai + bj + ck are a, b, c.
4) The angle 6 between two lines is given by cos0 =1;1, + m;ym,+n;n,
a,a, +hb, +c.c,

2 2 2 2 2 2
6= Jar b +c¢/\a; +b; +c;

5) The angle 6 between two lines is given by cos
6) For perpendicularlines ala2 + b1b2 + c1c2 =0
a, _ bl _ C,

7) For parallel lines a, b, ¢,

8) The vector and Cartesian equation of a line that passes through a point parallel to a given vector is T =
X=X Y=Y 71—

i+ Aband @ b C

. . - — T - o 1 FF
9) If Bis the angle between two lines¥ =a; + Ab; and F=a; + Ab, then cosf = |?1||bi,|
1 2

10) The Shortest distance between two lines £=a; + Ab; and £=a, + Ab, is
(bxb, )-(a,~a,)
b xb,

11) The vector equation of a plane which is at a distance ‘d’ from the origin and i is a unit vector normal to the
given plane, is . fi=d
12) The equation of a plane having a, b, c as direction ratios of the normal to the plane is ax + by + cz = d.
13) The equation of a plane passing through a point A(x4, ¥4, Z1) and perpendicular the given line with direction
ratios a, b, c is given by
a(x—x;) +b(y—y)) +c(z—2) =0
14) Cartesian equation of a plane that passes through the intersection of two planes a;x + b;y+ ¢z +d; =
0and ax+ by +c,z+dy, = 0 isgiven by
a;x+byy+cz+dy + A(azx + byy + ¢,z +dy) =0, where A is any parameter.
15) Cartesian equation of a plane passing through three non collinear points A(x4,y1,21) ,B(X3,¥2,2Z,) and C
X—=X1 Y=V 2—74
(x3,¥3,23) isgiven by [X2-X1  Y2-¥1  Z2-Z1| =0
X3-X1  ¥Y3-Y1 Z3-74

Section-A[Questions of 1 mark]
Objective Type Questions

1. Distance of the point (a, 8,y) from y-axis is

A) B B) 18I ©) 18] + Iyl (D) Va?+y2
2. If the directions cosines of a line are k, k, k, then
1 1
(A k>0 B0<k<1 C k=1 (D)kzﬁor—ﬁ
. - 2 A 3 A 6 T « e .
3. The distance of the plane 7. (;l +oJ- ;k) = 1 from the origin is
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(A) 1 (B) 7 ©) > (D) None of these

4. The reflection of the point (a, 8, y) in the xy-plane is
(A) (a,B8,0) (B) (0,0,v) C) (—a,—B,y) D) (@, B,—v)

S. The area of the quadrilateral ABCD, where A(0,4,1), B(2,3,-1), C(4,5,0) and D(2,6,2), is equal to
(A) 9 sq. units  (B) 18 sq. units (C) 27 sq. units (D) 81 sqg. units

6. The locus represented by xy +yz = 0 is
(A) a pair of perpendicular lines (B) a pair of parallel lines

(C) a pair of parallel planes (D) a pair of perpendicular planes

7. A line makes equal angles with co-ordinate axis. Direction cosines of this lines are

1 1 1 111 1 -1 -1
W1 ®t(zrr) ©(G53) o) (%% %)
8. The equation of x-axis in space are
A)x=0y=0 B)x=0,z=0 C)x=0 D)y=0,z=0

Objective Type Questions (Fill in the blanks)

9. A plane passes through the points (2,0,0), (0,3,0) and (0,0,4). The equation of plane is

10. The direction cosines of the vector 2i + 2] — k are

-5 +4 z—4 .
=Z = 1s
7 2

11. The vector equation of the line =

12. The vector equation of the line through the points (3,4,-7) and (1,-1,6) is

13. The cartesian equation of the plane 7. (i +j - E) =2is

. m 3m T . . . . . . .
14. If a line makes angles 57 2 with x, y, z axis, respectively, then its direction cosines are

15.If a line makes angles «, 8,y with the positive directions of the coordinate axes, then the
value of sin a + sin? B + sin?y is

16. If a line makes an angle of % with each of y and z-axis, then the angle which it makes with x-

axis is

17.1If 6 is the acute angle between two planes 7.n; = d; and 7.n, = d,, then 0 is equal to

18. The angle between two diagonals of a cube is
Short Answers type Questions

1. Write the direction-cosines of the line joining the points (1,0,0) and (0,1,1) .

2.Find the direction cosines of the line passing through the following points (-2,4,-5), (1,2,3).
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3.Write the direction cosines of a line equally inclined to the three coordinate axes.
X—3 v+—4 66—z
4- Write the vector equation of theline 3 = 7 = 2 .
r—2 v+ 3 I+ 3
5-Write the equation of a line parallel totheline -3 = 2 = & and passing through the
point(1,2,3).

6-.Express the equation of the plane ™ = (- 2j+ k) + A2 + J + 2k) in the Cartesian form.
7-Find the direction cosines of X axis, Y axis & Z axis ?

8- Find the direction cosines of a line which makes equal angles with the coordinate axes .

9- If al line has direction ratios -18,12,-4 then what are its direction cosines?

2x-1 4-y z+1

10- The cartesian equation of a line AB is .

. Write the direction ratios of a line parallel

to AB.
Section-B[Questions of 2 marks]

1- Find the equation of a line which passes through the point (-4,2,-3) and is parallel to the Cartesian
equations of
aline AB are:-
2x-1 4-y z+1
2 7 2
2- Find the equation of a line which passes through the point (1,2,3) and is parallel to the vector 37 +
2] — 2k
3-Find the equation of a plane passing through the origin and perpendicular to x-axis
4-Find the equation of plane with intercepts 2, 3,4 on the x ,y, z —axis respectively.
5--.Write the distance of plane 2x—y + 2z + 1 = 0 from the origins.
6-Find the vector and Cartesian equation of the lines that passes through the origin and (5,-2,3)
7-Determine the direction cosine of normal to the plane and the distance from the origin 2x+3y-z =5
8- Find the vector equation of the plane which is at a distance of 7 units from the origin and which is normal
37 +57-6k.
to the vector

Section-C[Questions of 3 marks]

1- Find the value of p so that the lines, 1-x = ry-14 = -3 and 77X = y=>5 = 6-2 are at right angles.
2p 2 3p 1
x — 2 y—1 z—3
2-Find the value of A such thattheline 9@ = 4 = -6 isperpendicularto the plane 3x -y -2z =

7.

3--Find the shortest distance between the two lines ? —6i+2 ]+ 2k+ ﬂ(?— 2 ]+ 2 IQ) and

I = —4i—k+ u(3i-2j-2k) .

4-Find the foot of perpendicular from the point (1,2,-3) and the line XTH = y-3 -z
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5- Find the vector equation of the line passing through the point (1, 2, — 4) and
perpendicular to the two lines:

tn

x-8 y+19 =z-10 x=15 y-29 =
== = and = =

3 —16 7 3 8 -5
6-- Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1) crosses the YZ-plane .
7- Find the equation of the plane that passes through three points. (1, 1, —1), (6, 4,
_5)1

(-4, -2, 3)

8- Find the coordinates of the point where the line through (3, -4, -5) and (2, - 3, 1) crosses the plane 2x
+ty+z=7.

Section-D[Questions of 5 marks]

1. Find the equation of the plane passing through the point (-1, 3, 2) and perpendicular to each of the planes
X+2y+3z=5and 3x+3y+z=0.
2. Find the vector equation of the line passing through the point (1, 2, 3) and parallel to the planes 7.
(i-j+2ky=5and 7 (Bi+j+k) =6.
3--Find the image of the point(-1,-1,3) in the plane 2x+3y-4z-10=0.
4- Find the equation of the plane through the intersection of the planes 3x —y+2z-4 = 0 and x +y+z-2 =0 and
the
point (2,2,1

x—3:y—5_z—7 and x+1:y+1:z+1

5- Find the shortest distance between the lines =
-2 1 7 -6 1

and equation of

shortest distance.

6--Find the equation of a plane passing through the points (2, - 3, 1), (5, 2,-1) and perpendicular to the plane
X—4y +52-2=0.
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Chapter-12
LINEAR PROGRAMMING

Key Points:

» Two or more linear inequations are said to constitute a system of linear inequations.

» The solution set of a system of linear inequations is defined as the intersection of solution sets
oflinear inequations in the system.

» A linear inequation is also called a linear constraint as it restricts the freedom of choice of thevalues
xandy.

LINEAR PROGRAMMING

In linear programming we deal with the optimization (maximization or minimization) of a linear function
of a number of variables subject to a number of restrictions (or constraints) on variables, in the form of
linear inequations in the variable of the optimization function.

A Linear Programming Problem is one that is concerned with finding the optimal value (maximum or
minimum value) of a linear function (called objective function) of several variables (say x and y), subject to
the conditions that the variables are non-negative and satisfy a set of linear inequalities (called linear
constraints).

The term linear implies that all the mathematical relations used in the problem are linear relations while
the term programming refers to the method of determining a particular programmeor plan ofaction.

Objective function Linear function Z = ax + by, where a, b are constants, which has to be
maximised or minimized is called a linear objective function. Variables x and y are called decision
variables.

Constraints The linear inequalities or equations or restrictions on the variables of a linear
programming problem are called constraints. The conditionsx 2 0, y> 0 are cal led non-negative
restrictions.

Optimisation problem A problem which seeks to maximise or minimise a linear function (say of
two variables x and y) subject to certain constraints as determined by a set of linear inequalities is
called an optimisation problem. Linear programming problems are special type of optimisation
problems.

GRAPHICAL METHOD OF SOLVING LINEAR PROGRAMMING PROBLEMS

Feasible region The common region determined by all the constraints including non-negative
Constraints x,y>0 of a linear programming problem is called the feasible region (or solution
region) for the problem. The region other than feasible region is called an infeasible region.

Feasible solutions Points within and on the boundary of the feasible region represent feasible solutions of
the constraints.
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Any point outside the feasible region is called an infeasible solution.

Optimal (feasible) solution: Any point in the feasible region that gives the optimal value (maximum or
minimum) of the objective function is called an optimal solution.

Theorem 1 Let R be the feasible region (convex polygon) for a linear programming problem and let Z = ax
+ by be the objective function. When Z has an optimal value (maximum or minimum), where the variables x
and y are subject to constraints described by linear inequalities, this optimal value must occur at a corner
point (vertex) of the feasible region.

A corner point of a feasible region is a point in the region which is the intersection of two boundary
lines.

Theorem 2 Let R be the feasible region for a linear programming problem, and let Z = ax + by be the
objective function. If R is bounded, then the objective function Z has both a maximum and a minimum
value on R and each of these occurs at a corner point (vertex) of R.

A feasible region of a system of linear inequalities is said to be bounded if it can be enclosed within lines
DIFFERENT TYPES OF LINEAR PROGRAMMING PROBLEMS
A few important linear programming problems are listed below:

1. Manufacturing problems In these problems, we determine the number of units of different

products which should be produced and sold by a firm when each product requires a fixed

manpower, machine hours, labour hour per unit of product, warehouse space per unit of the output etc., in
order to make maximum profit.

2. Diet problems In these problems, we determine the amount of different kinds of
constituents/nutrients which should be included in a diet so as to minimise the cost of the desired
diet such that it contains a certain minimum amount of each constituent/nutrients.

Linear Programming Problems

Question: Solve the following linear programming problem graphically:
Minimize Z =200 x + 500 y
subject to the constraints:
x+2y210

3x+4y <24

x20,y20

Solution:

Given objective function is:
Minimize Z = 200 x + 500 y ....(i)
Constraints are:

X+ 2y 210 ....(ii)
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3x + 4y <24 .. (iii)
x20,y20...(iv)

The graph of these inequalities is:

X'€

x+2y =10

Y’ 3x + 4y = 24

The shaded region in the figure (above graph) is the feasible region ABC determined by the system of
constraints (ii), (i) and (iv), which is bounded.

The coordinates of corner points of this (feasible or shaded) region say A, B and C are (0, 5), (4, 3) and (0O, 6)
respectively.

Now, let us evaluate the value of Z = 200x + 500y at these points.

Corner pointCorresponding value of Z

0,5) 200 x 0 +500 x 5= 0 + 2500 = 2500
4, 3) 200 x 4 + 500 x 3 = 800 + 1500 = 2300 (minimum)
(0, 6) 200 x 0 + 500 x 6 = 0 + 3000 = 3000

Hence, the minimum value of Z is 2300 at the point (4, 3).

Question: Solve the following LPP graphically:
Maximise Z = 2x + 3y, subjecttox+y<4,x20,y20
Solution:

Let us draw the graph pf x + y =4 as below.
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A4, 0)
4 > X
Ol 1 2 3 4

r * e :

The shaded region (OAB) in the above figure is the feasible region determined by the system of constraints x =
0,y=20andx+y<4.

The feasible region OAB is bounded and the maximum value will occur at a corner point of the feasible region.
Corner Points are O(0, 0), A (4, 0) and B (0, 4).

Evaluate Z at each of these corner points.

Corner PointValue of Z

0(0, 0) 2(0)+30)=0

A (4,0) 2(4)+30)=8

B (0, 4) 2 (0) + 3 (4)= 12 «— maximum

Hence, the maximum value of Z is 12 at the point (0, 4).

Question: A manufacturing company makes two types of television sets; one is black and white and the
other is colour. The company has resources to make at most 300 sets a week. It takes Rs 1800 to make a
black and white set and Rs 2700 to make a coloured set. The company can spend not more than Rs
648000 a week to make television sets. If it makes a profit of Rs 510 per black and white set and Rs 675
per coloured set, how many sets of each type should be produced so that the company has a maximum
profit? Formulate this problem as a LPP given that the objective is to maximise the profit.

Solution:

Let x and y denote, respectively, the number of black and white sets and coloured sets made each week.
Thus x20,y20

The company can make at most 300 sets a week, therefore, x +y < 300.

Weekly cost (in Rs) of manufacturing the set is 1800x + 2700y and the company can spend up to Rs. 648000.
Therefore, 1800x + 2700y < 648000

or

2x + 3y <720

The total profit on x black and white sets and y coloured sets is Rs (510x + 675y).

Let the objective function be Z = 510x + 675y.

Therefore, the mathematical formulation of the problem is as follows.

Maximise Z = 510x + 675y subject to the constraints :

x +y <300

2x + 3y <720

x=20,y=0
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The graph of x + y = 30 and 2x + 3y = 720 is given below.

Corner pointValue of Z
A(300, 0) 153000

B(180, 120) 172800 = Maximum

C(0, 240) 162000

N
|'.|;-||.|:\'\

- |

»X

Hence, the maximum profit will occur when 180 black & white sets and 120 coloured sets are produced.

Question for Practice

1) Solve the following LPP graphically. Minimize Z = 3x+5y
subject to: -2x+y<4, x+y=>3, x-2y<2, x,y=0.
Ans : Minimum value is 29/3 at (8/3,1/3)

2) Solve Graphically
Maximize Z=3x+2y

Subject to: x+2y<10, 3x+y<15,

3) Determine graphically the minimum value of the objective function. Z=-50x+20y Subject to constraints 2x-y2-5,

3x+y=23, 2x-3y<12, x,y=0

4) Solve the following LPP graphically:
Z=10x+20y

Maximize
Subject to the constraints
3x+4y<12
x<1
y=22
x20,y20

5) A firm makes two types of furniture: chairs and tables. The contribution to profit for each product as calculated by
the accounting department is Rs.20 per chair and Rs.30 per table. Both products are to be processed on three
machines M1, M2 and M3 . The time required in hours by each product and total time available in hours per week

on each machine are as follows:

Machine Chair Table Available Time
M1 3 3 36
M2 5 2 50
M3 2 6 60
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How should the manufacturer schedule his production in October to maximize profit.Ans: 3
chairs and 9 tables.

6) If a young man rides his motorcycle at 25 km/hr, he had to spend Rs.2 per km on petrol. If he rides at a faster
speed of 40 km/hr, the petrol cost increases at Rs.5 per km. He has Rs.100 to spend on petrol and wishes to find
what is the maximum distance he can travel within one hour. Express this as LPP and solve it graphically. Ans:
Maximum at (50/3,40/3) and is equal to 30 km.

Additional Questions:-

1. A manufacturing company makes two types of television sets; one is black and white and other is colour. The
company has resources to make at most 300 sets a week. It takes Rs 1800 to make a black and white set and Rs 2700
to make a coloured set. The company can spend not more than 648000 a weak to make television sets. If it makes a
profit of Rs 510 per black and white set and Rs 675 per coloured set, how many sets of each types should be
produced so that the company has maximum profit? Formulate this problem as a LPP given that the objective is to
maximise the profit.

2. Minimise Z = 3x + 5y subject to the constraints : x +2y 210x+y263x+y28x,y20

3. A manufacturer of electronic circuits has stock of 200 resistors, 120 transistors and 150 capacitors and is required
to produce two types of circuits. A and B. Type a requires 20 resistors, 10 transistors and 10 capacitors. Type B
requires 10 resistors, 20 transistors and 30 capacitors. If the profit on type A circuit is Rs. 50 and that on type B
circuit is Rs 60, formulate and solve this problem as a LPP so that the manufacturer can maximise his profit.

4. A company manufactures two types of screws A and B. All the screws have to pass through a threading machine
and a slotting machine. A box of types A screws requires 2 minutes on the threading machine and 3 minutes on the
slotting machine. A box of type B screws requires 8 minutes of threading on the threading machine and 2 minutes on
the slotting machine. In a week, each machine is available for 60 hours on selling these screws company gets a profit
of Rs 100 per box on type A and Rs 170 on type B. Formulate and solve the LPP.

5. A man rides his motorcycle at the speed of 50 km/hour. He has to spend Rs 2 per km on petrol. If he rides it at a
faster speed of 80 km/hour, the petrol cost increases to Rs 3 per km. He has atmostRs 120 to spend on petrol and
one hour’s time. He wishes to cover the maximum distance that he can travel. Express and solve this problem as a
linear programming problem.

6. A manufacturer produces two model of bikes—Model X and Model Y. Model X takes a 6 man-hours to make per
units, while model Y takes 10 man-hours per unit. There is total of 450 man-hours available per week. Handling and
marketing costs are Rs 2000 and Rs 1000 per unit for models X and Y respectively. The total funds available for these
purposes are Rs 80,000 per week. Profits per unit for models X and Y are Rs 1000 and Rs 500, respectively. How
many bikes of each model should the manufacturer produce so as to yield a maximum profit? Find the maximum
profit.

7. A company makes 3 models of calculators : A, B and C at factory | and factory Il. The company has orders for at
least 6400 calculators of model A, 4000 calculaters of model B and 4800 calculator of model C. At factory I, 50
calculators of model A, 50 of model B and 30 of model C are made every day; at factory Il 40 calculaters of model A,
20 of model B and 40 of model C are made everyday. It costs Rs 1200 and Rs 15000 each day to operate factory | and
I, respectively find the number of days each factory should operate to minimise the operating costs and still meet
the demand.

ANSWERS

1. Maximise Z = 510x + 675y subject to x + y <300 2x + 3y £ 720 x 2 0, y = 0 Maximum profit Rs 172800 at No of B/W
TV =180, No of Coloured TV =120
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2. Zis maximum at x =2, y =4 maximum value of Z = 26

3. Maximise Z =50x + 60y subject to 2x + y<20x+2y <12 x+ 3y <15x,y 2 0 Type A = 6, maximum profit = Rs 480
TypeB=3

4. Maximise Z = 100x + 170y subject to 3x + 2y £ 3600 3x + y < 600 x, y 2 0, maximum profit = Rs 138600 5. Maximise
Z=x+ysubject to 2x + 3y £120 8x + 5y £ 400 maximum distance =542 7 kmx,y, >0

6. Model x = 25, model y = 30 Maximum profit = Rs 40000

7. Factory | = 80 days Factory Il = 60 days
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Chapter-13
PROBABILITY

key points

YV V V V

A\

A\

Sample Space: Set of all possible outcomes in a random experiments is its Sample Space.
Event: Every subset of sample space is an event.

Mutually exclusive events:Two events A and B are said to be mutually exclusive if AnNB=®
Mutually exclusive and exhaustive events:A; , A, , Az, ... A, are mutually exclusive and
exhaustive events if ANAi= ® and A;NA;N .............. NA,=S, where S is the sample space.
Probability of an Event: If A is an event of an experiment and S is the sample space, then the
probability of A ;.e P(A)=n(A)/n(S), where 0<P(A) <1.

Probability of the event ‘A or B’:P(AlJ B)=P(A) + P(B) - P(ANB)

If A and B are mutually exclusive events then P(A U B)=P(A)+P(B).

If A, B, C are three events associated with a random experiment,

prove that P(AUBU C) = P(A)+P(B)+P(C) - P(ANB) - P(BNC) - P(CNA) + P(ANBNC).

If A'is any event, then P(A) + P(not A) =1

Conditional probability: Conditional probability P(A/B) = Probability that event A will occur if
the event B has already occurred is

P(A/B) = P(ANB) / P(B) provided P(B) #0

P(E'/F) = 1- P(E/F)

Multiplication theorem on Probability:
P(ANB) = P(A) P(B/A) = P(B) P(A/B) provided P(A) 20, P(B) 0

P(ANBNC) = P(A).P(B/A) P(C/ANB)

Independent Events: Two events A and B are independent if
P(ANnB)=P(A).P(B)

Two events A and B are said to be independent,
if P(A/B) = P(A), P(B) #0

and P(B/A) = P(B), P(A)#0

Multiplication rule when events A and B are independent
P(ANB) = P(A).P(B)

15. Law of total probability :
P(A) = P(E;).P(A/E;)+P(E,).P(A/E;) + ...... + P(E,)P(A/E,)
16. Bayes’ theorem:

P(E{/A) = P(E,).P(A/E,)
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P(E;).P(A/E1)+P(E,).P(A/E;)+ .... + P(E,).P(A/E,)

» 17. Random Variable:A random variable is a real valued function whose domain is the sample
space of a random experiment.

» 18. Probability Distribution: If a random variable X take values x;, x,, X; ..... X, with respective
probabilities p,, p,, ps, ... P then

X X1 | X2 | X3 Xn

PX) | Pr | P2 | P3 | o | Pn

is known as the probability distribution of X.

Sum of probability of a probability distribution is always 1.

VSA TYPE_1 MARKS QUESTIONS (SOLVED)

1. IfP(A)=7/17, P(B) = 9/17 and P (ANB) = 4/17 evaluate P (A/B)

Solution : We have P (A/B) = P(ACB) = 4/17 - 4
P (B) 9/17 9

2. IfP(A)=4/5andP (B)=2/3, find P (ANB) if A and B are independent events.
Solution : A and B are independent events
.. P ((AmB) =P (A). P (B)
=4/5.2/3=8/15

3. Given P(A) = 1 P(B) :% and P(ANnB) = % . Are the event A and B independent.

21
. 11
Solution. P(A).P(B) = Exg =P(ANB)

Events are in independent

4. A die is thrown twice. Find the probability of getting a number 6 on the first throw and a

number greater than 4 on the second.

Solution. Favourable cases are { (6,5), (6,6)}
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Probablllty—g— %8

5. An urn contains 4 white and 3 red balls. Let X be the number of red balls in a random draw of
three balls .write probable value of X.
Solution: X=0, 1, 2, 3

VSA TYPE_1 MARKS QUESTIONS(UNSOLVED)

1. If Aand B are independent events, Find P(B) if P(AUB) = 0.60 and P(A) = 0.35. [Answer : 5/13]

2. Assume that each born child is equally likely to be a boy or a girl. If a family has two children, what
is the conditional probability that both are girls given that the youngest is a girl.
[Answer : 1/2]

3. Find the probability of drawing two white balls in succession from a bag containing 3 red and 5 white
balls respectively, the ball first drawn is not replaced. [Answer : 5/14]

4. Let x represent the number of heads when a coin is tossed 6 times. What are the probable values of
X. [Answer : X=0, 1, 2, 3, 4, 5, 6]

5. Ifadie isthrown and a card is selected at random from a deck of 52 cards. What is the probability of
getting an even number on the die and a spade card ? [Answer : 1/8]

VSA TYPE_2 MARKS QUESTIONS (SOLVED)

1. A bag contains 5 white, 7 red and 3 black balls. If three balls are drawn one by one
without replacement, find what is the probability that none is red.

Solution : P(nonred).P(nonred).P(nonred) = E><1><E _8
15 14 13 65

2. Find K if the following probability distribution is possible.

P(X) |K |K*|K |0.04

Solution :
We have 2 P (X)) =1

K +k*+k +.04=1
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or K>+2K +.96=0
or K=04,-2.4

Kz-2.4 - K=0.4

3. If P(A)=04P(B)=p, P(ANB)=0.7. Find the value of p,

independent.
Solution. P(AUB)=P(A)+P(B)-P(AnB)
. PANB)=04+p-07=p-03
A and B are independent
P(AnB)=P(A).P(B)
is (p-0.3)=04p

0.6p=0.3

P=7%

4.  IfP(A)=0.6,P(B)=0.2 and P(g) = 0.5 find P(A'/B’).

P(AN B) _P(An B)
= = 0.5= —

. A
Solution: Since P(E) = = P(A N B)=0.5x0.2=0.1

P(A'nB’)=P(AUB) '
=1-P(AU B)
=1-[P(A) + P(B) —P(A n B)]
=1-[0.6 + 0.2 — 0.1]
=1-0.7

=0.3
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=93

T 08

=3

"8

5. A random variable X has a probability distribution P (X) of the following form where k is some

number P(X)
k if X=0
2k if X =1
P(X)= .
3k if X=2

0 O otherwise.

Determine P(X <2)
Solution. > P(X) =1 = k+2k +3k +0=1 =k :%

P(X <2) =k +2k +3k =6k =1
VSA TYPE_2 MARKS QUESTIONS (UNSOLVED)

1. Given that the events A and B are such that P(A) =1/2 ,P(A U B) =3/5 and P(B)=K. Find K if they

are independent. [Answer : k=5]

2. A random variable X has a probability distribution P(X) of the following form where k is some

number
P(X)=k, if X=0
2k, if X=1
3k, if X=2
0, otherwise
Determine i) k i) P(X<2) [Answer : (i)k=1/6,(ii) 1/2]
3. Find the probability distribution of a number of a tails in the simultaneous tosses of three
coins. [ Answer :
X 0 1 2 3

PX)| 1/8 | 3/8 | 3/8 |1/8
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4. A die marked 1,2, 3inred and 4, 5, 6 in green is tossed . Let A be the event,
‘the number is even,’and B be the event,’ the number is red’. Are A and B independent?

[Answer : NO]

5. In a family the husband tells a lie in 30% cases and the wife in 35% cases. Find the probability
that both state the same fact. [Answer : 0.56]

SA TYPE_3 MARKS QUESTIONS (SOLVED)

Q.1 In aschool, there are 1000 students, out of which 430 are girls. It is known that out of 430,

10% of the girls study in class XIl, what is the probability that a student chosen randomly

studies in class XII, given that the chosen student is girl ? Solution. P(Girl) =
pG)_ 430 _ 43
1000 100

P (A) = Prob. of CI XII std.

P(Girl and student of CI XIl) = P(ANG) _ 43 41
430 10

1
P(ANG) 10 _ 100

P(A/G) = = =
( ) P(G) ﬁ 10x 43
100
= E Ans.
43

Q.2. 12 cards, numbered 1 to 12 are placed in a box, mixed up thoroughly and then a card is
drawn at random from the box. If it is known that the number on the drawn card is more

than 3, find the probability that it is even number.
Solution $S={1,2,3,4, ..ccceevrrrrnnnnnnn. 12}
A={2,4,6,8, 10,12}
B={4,5,6,7,8,9, 10,11, 12}

and AnB={4,6, 8§, 10, 12}

104



N2

Mathematics/ XII (2020-21) G R cinie
6_1 pp=2.3 _32
P(A) =55 =5 1 P(B)=35=7iP(ANB) =

P(ANB) 5/12
P(B)  9/12

5
9

P(A/B) =

Q.3. A pair of dice is thrown 4 times. If getting a doublet is considered a success, find the probability distribution

of number of success.

Solution.:  $={(1,1),(2,2),(3,3),(4,4),(5,5) (6, 6)}

p (a doublet) = l
6
=%
P(X =0) = 4Co(%)4 :%
px -1 1)) - 22
P(X =2)= 4Cz(%)2(%)2 :%

P(X=3)= 4C3(%)3(%)4 :%

P(X =)= "C,(%) = 1oos

.. Required probability Distribution is :

X 0 1 2 3 4
P(X) 625 500 150 20 1
1296 1296 1296 1296 1296

Q.4. A letter is known to have come from either TATANAGAR or CALCUTTA. On the envelope just
two consecutive letters TA are visible. What is the probability that the letter has come from
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(i) Tata Nagar (ii) Calcutta
Solution: A : TATANAGAR (2T'S ; 4A'S)
B : CALCUTTA (2T'S ; 2A'S)

E : TA is visible

P(A)=P (B) ==

P(E/A)=§=%; P(E/B)=%

1 1
: 272 1
(i G e T
XS4 X
2 4 2 7
7 4
i P(B/E)=1-—=—
(i) (B/E)=1- ==

Q.5. Two cards are drawn successively with replacement from a well shuffled pack of 52 cards.

Find the probability distribution of number of aces.
Solution. X =Number Aces ; X can take valuesO, 1, 2

S = getting an ace.

4 1 ~ 12
PS)=—=— , P(S)==
) 52 13 ) 13
P(X —0) —2c012 12 144

13713 169
P(X =1) 2C112 1 24
13 13 169
P(X =2) = 2C2— 11
13713 169

". Probability Distributions
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X 0 1 2
144 24 1

P(X) = = —
169 169 169

Q.6. A bag X contain 2 white and 3 red alls and a bag Y contain 4 white and 5 red balls. One ball
is drawn at random from one of the bag and is found to be red . Find the probability that

it was drawn from bag Y.?

Solution.

Let E; : the bag X is chosen.

E,: the bag Y is chosen.

A : the ball is red.

Using Baye’s Theorem ,P(E,/A) = P(E,) P(A/E,)

P(E1)P(A/E;) + P(E,) P(A/E,)

Since the two bags are equally likely to be selected.

P(E;) = P(Eo) =%

Also P(A/E;) =3/5

P(E,) =5/9

%X% 25
P(E,/ A) = -
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Q.7.A coin is biased so that the head is 3 time as likely to occur as tail . If the coin is tossed twice,
find the probability distribution of number of tails.

Solution.

Let p be the probability of obtaining a head when a coin is tossed once and g, that of
obtaining a tail so that p = 3q and p+g=1

or 3gq+g=1 or 4g=1 org=1/4 And hence p= 3q= %
Let X denote the number of tails in two tosses of the coin then X can take value 0,1, 2
P (X=0) =P (HH) = p.p = p°_ (3/4)*= 9/16
P(X=1) = P(HT,TH) =P(HT) + P(TH)
=qp+qp=2pq=2x% x % =6/16
P(X=2) = P(two tails ) = P(TT) = g’ = (1/4)* = 1/16

Probability distribution of X is

0 1 2

P(X) 9/16 6/16 1/16

Q.8. The probability of A hitting a target is ; and that of B hitting is % They both fire at the target.

Find the probability that (i) at least one of them will hit the target, (ii) Only one of them will hit the
target.

Solution. Let A= event that A will hits the target, B= event that B will hits the target

3 1 — 3 4 _ - 1 2
P(A)==,P(B)==..P(A)=1-—-=—-,P(B)=1-===
()7()3()77()33
(i)P(at least one of them will hit the target) =1— P(noneof them will hit the target)

— = 4 2 13
=1-P(A).P(B)=1-—-x—=-=—

(APEB)=1-2x3=%

. I = — 3 2 41 10
(it)P(only one of them will hit the target) = P(A).P(B) + P(A).P(B) = 7><§+7><5 =51
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SA TYPE_3 MARKS QUESTIONS (UNSOLVED)

1.Given that the two numbers appearing on throwing two dice are different . Find the probability
of the event ‘ the sum of number on the dice is 4'. [Answer: 1/15]

2. A box contains 16 bulbs out of which 4 bulbs are defective . 3 bulbs are drawn one by one from
the box without replacement . Find the
probability distribution of the number of X 0 1 2 3
defective bulbs drawn. [Answer :

P(X) | 55/140 | 66/140 | 18/140 | 1/140

3. A die is thrown three times. Events A and B are defined as below:
A: 4 on the third throw. B: 6 on the first and 5 on the second throw.
Find the probability of A, given that B has already occurred. [Answer :1/6 ]

4. An insurance company insured 2000 scooter and 3000 motorcycles . The probability of an
accident involving scooter is 0.01 and that of motorcycle is 0.02 . An insured vehicle met with an
accident. Find the probability that the accidental vehicle was a motorcycle. [Answer :3/4 ]

5. A bag contains 5 white and 6 black balls and another bag contains 4 white and 3 black balls. A ball
is drawn from the first bag and without seeing its colour is put in the second bag. Find the
probability that if now a ball is drawn from the second bag it is black in colour.[Answer :39/88 ]

6. A letter is known to have come either from LONDON or CLIFTON. On the envelope just has
two consecutive letters ON are visible. What is the probability that the letter has come from (i)
LONDON (ii) CLIFTON ? [Answer : (1)12/17(ii) 5/17]

7. A can hit a target 4 times out of 5 times. B can hit the target 3 times out of 4 times and C
can hit 2 times out of 3 times. They fire simultaneously. Find the probability that any two
out of A, B and C will hit the target. [Answer :13/30 ]

8. A bag contain 1 white and 6 red balls and a second bag contains 4 white and 3 red balls. One of
the bag is picked up at random and a ball is randomly drawn from it, and is found to be white in
colour. Find the probability that the drawn ball was from the first
bag. [Answer :1/5 ]
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Q.1. A factory has three machine X,Y,Z producing 1000,2000,3000 bolts per day respectively .
The machine X produced 1% defective bolts, Y produce 1.5% and Z produce 2% defective
bolts . At the end of a day, a bolt is drawn at random and is found defective. What is the
probability that the defective bolt is produced by the machine X ?

Solution. Let E4: Bolt is manufactured by machine ‘X’, E,: Bolt is manufactured by machine
Y and E; : Bolt is manufactured by machine Z,

Total number of bolts manufactured by machine X)Y,Z in one day
= 1,000 +2,000 +3,000 = 6,000

Therefore P(A/E;)=1/6  P(A/E,)=1/3 P(A/E;) =1/2

Let A : Bolt manufactured is defective

P(A/E;=1/100, P(A/E;) = 1.5/100 = 3/200 and P(A/E5) = 2/100

Required probability = P (E3/A) = P(E3) P (A/E;)
P (E1) P (A/E1) + P (E;) P (A/E,) + P(E3) P (A/Es)

1/6x 1/100 1/6

= = =1/1O

1/6x 1/100+ 1/3x 3/200+ % x 2/100 1/6+%+1

Q.2. Coloured balls are distributed in three bags as shown in the following table

Colour of the ball
Bag

Red White Black
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A bag is selected at random and two balls are randomly drawn from the selected bag. They

happen to be black and red. What is the probability that they came from bag I.

Solution. Let E; : Baglisselected ; E,: Bag Ilis selected

Let E; : Baglll is selected and A = A black ball and a red ball is drawn

P(E;) = P(E,) = P(E,) =§

1x3 3
P(A/IE)=F—=—=
(A/R) 5c, 15 %

2x1 2

P(A/E,)=2"~=%
( 2) 7C2 21

P(A/E,) = 4><3:4><3: 2

e, 66 11
Using Baye’s Theorem
1.1 1
3"s 5
PEIA) =117 2 1.2 1_2 2

IXTHIX A IX e S
3 5321 311 5 21 11

21
551

Q.3. Two cards are drawn in succession from a well shuffled deck of 52 cards, the first card

being replaced , before the second is drawn . Let X denote the number of spades drawn .
Find the probability distribution of X ?

Solution. The probability of getting a spade when a single card is drawn = 13/52 =%

or P(notgettingaspade )= 1-%=%
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P(X =0) = P(no spade is drawn ) = P(not a spade ) P (not a spade)
=% x%=9/16

P(X=1) = P ( drawing a spade only at one draw)

P ( a spade and not a spade) + P ( not a spade and a spade)

o x%+% x =%

P(X=2) = P ( drawing spades at both the draws)

= Y%x¥%=1/16 Hence , the probability distribution of x is

P(X) 9/16 3/8 1/16

Q.4. Two cards are drawn simultaneously (or successively without replacement) from a well

shuffled pack of 52 cards. Find probability distribution of the number of aces.

Solution. If X is the number of aces drawn

‘Cox*™C, 248x47 564 188

P(X =0)= ===
S >C, 52x51 663 221
4 48
C;x"C, 4x48x2 96 32
P(X =1)= éz 1_ = =
C, 52x51 663 221
4 48
P(X =2)= C,x"Cy 4x3x2 3 1

2C,  2x51x51 663 221

The Probability Distribution of X is given by

X 0 1 2
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188 32 1

P(X) — —
221 221 221

LA TYPE_5 MARKS QUESTIONS(UNSOLVED)

1. Acard from a pack of 52 cards is lost. From the remaining cards of the pack, two cards are drawn
and are found to be both hearts . Find the probability of the lost card being a
heart. [Answer :11/50 ]

2. In answering a question on a MCQ test a student either knows the answer or guesses. Let % be
the probability that he knows the answer and % be the probability that he guesses. Assuming that a

student who guesses at the answer will be correct with probability % .What is the probability that

the student knows the answer given that he answer it correctly?[Answer :12/13 ]

3. A laboratory blood test is 99% effective in detecting a certain disease when it is in fact present,
however the test also yields as false positive result for 0.5% of the healthy person tested. If 0.1
percent of the population actually has the disease, what is the probability that a person has the
disease given that his test result is positive? [Answer :22/133 4. Find the
probability distribution of number of doublets in three throws of a pair of

dice? [Answer :

X 0 1 2 3

(p)x | 125/216 | 75/216 | 15/216 |1/216

3 3 3k 3k >k 3k >k %k 3k 3k %k 3k >k %k 5k %k >k %k %k >k 3k 3k >k 3%k 3k %k %k 3k %k *k %k k Kk
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Class: XIll Session: 2020-21
Subject: Mathematics

Sample Question Paper (Theory)

Time Allowed: 3 Hours Maximum Marks: 80

General Instructions:

1. This question paper contains two parts A and B. Each part is compulsory. Part A
carries 24 marks and Part B carries 56 marks

2. Part-A has Objective Type Questions and Part -B has Descriptive Type
Questions

3. Both Part A and Part B have choices.

Part - A:

1. It consists of two sections- 1 and Il.

2. Section | comprises of 16 very short answer type questions.

3. Section Il contains 2 case studies. Each case study comprises of 5 case-based
MCQs. An examinee is to attempt any 4 out of 5 MCQs.

Part - B:

1. It consists of three sections- I, IV and V.

2. Section Il comprises of 10 questions of 2 marks each.

3. Section IV comprises of 7 questions of 3 marks each.

4. Section V comprises of 3 questions of 5 marks each.

5. Internal choice is provided in 3 questions of Section —lll, 2 questions of Section-
IV and 3 questions of Section-V. You have to attempt only one of the alternatives
in all such questions.

Sr. Part-A Mark
No. S
Section |

All questions are compulsory. In case of internal choices attempt any
one.

1 Check whether the function f: R — R defined as f(x) = x* is one-one or not. 1

OR

Page 1 of 10
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How many reflexive relations are possible in a set A whose n(4) = 3.

Arelation Rin S = {1,2,3} is defined as R = {(1, 1), (1, 2), (2,2), (3,3)}. Which
element(s) of relation R be removed to make R an equivalence relation?

A relation R in the set of real numbers R defined as R = {(a,b): Va = b}is a
function or not. Justify

OR

An equivalence relation R in A divides it into equivalence classes A,, 4,, A5.
What is the value of A; UA; UAsand A; N4, NA;

If A and B are matrices of order 3 x n and m x 5 respectively, then find the
order of matrix 5A — 3B, given that it is defined.

Find the value of A%, where A is a 2x2 matrix whose elements are given by

_fLif i#]
OR

Given that A is a square matrix of order 3x3 and |A| = - 4. Find |adj A|

Let A = [a;;] be a square matrix of order 3x3 and |A|= -7. Find the value of
a11 Az + Q1242 + Q53 A3
where 4;; is the cofactor of element a;;

Find [ e*(1 — cotx + cosec?x) dx

OR

w
Evaluate [% x?sinx dx
2

Find the area bounded by y = x?2,the x — axis and the lines
x=-1 andx = 1.

How many arbitrary constants are there in the particular solution of the
differential equation Z—i’ = —4xy?;y (0)=1

OR

For what value of n is the following a homogeneous differential equation:
dy _ x3 =y
dx ~ x%y + xy?

10

Find a unit vector in the direction opposite to —% j

11

Find the area of the triangle whose two sides are represented by the vectors
2iand — 3}.

Page 2 of 10
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12

Find the angle between the unit vectors @ and b, given that | @ + b| = 1

13

Find the direction cosines of the normal to YZ plane?

14

Find the coordinates of the point where the line ’%3 = y__-11_ = g cuts the XY
plane.

15

The probabilities of A and B solving a problem independently are§ and %

respectively. If both of them try to solve the problem independently, what is the
probability that the problem is solved?

16

The probability that it will rain on any particular day is 50%. Find the probability
that it rains only on first 4 days of the week.

Section Il
Both the Case study based questions are compulsory. Attempt any 4 sub
parts from each question (17-21) and (22-26). Each question carries 1 mark

17

An architect designs a building for a multi-national company. The floor consists
of a rectangular region with semicircular ends having a perimeter of 200m as
shown below:

Design of Floor

i

>

Building

Based on the above information answer the following:

(i) If x and y represents the length and breadth of the rectangular region, then
the relation between the variables is

a) x+my=100

b) 2x+1y=200

c) mx+y=50

d) x+y=100 -

Page 3 of 10
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a)

b)

c)

d)

(i) The area of the rectangular region A expressed as a function of x is

2

; (100 Ko xz)
1

. (100 Xi= xz)
5(100 = x)

2
wy?+ 7—_[' (100 Xi= xz)

a)

b)

c)

d)

(iii) The maximum value of area A is

m2

3200
3200 ,

= 1

5000
mZ

1000
mZ

a)
b)
c)
d)

(iv) The CEO of the multi-national company is interested in maximizing the area
of the whole floor including the semi-circular ends. For this to happen the valve
of x should be

Om
30m
50 m
80m

a)

b)

c)

d)

(V) The extra area generated if the area of the whole floor is maximized is :

3000
m2

[

5000 |,
v
V3

7000
I
[

No change Both areas are equal

Page 4 of 10
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18

In an office three employees Vinay, Sonia and Igbal process incoming copies of
a certain form. Vinay process 50% of the forms. Sonia processes 20% and Igbal
the remaining 30% of the forms. Vinay has an error rate of 0.06, Sonia has an
error rate of 0.04 and Igbal has an error rate of 0.03

HCS @allindt., ¥

Based on the above information answer the following:

(i) The conditional probability that an error is committed in processing given that
Sonia processed the form is :

a) 0.0210

b) 0.04

c) 047

d) 0.06

(i) The probability that Sonia processed the form and committed an error is :

a) 0.005
b) 0.006
c) 0.008
d) 0.68

(iii)The total probability of committing an error in processing the form is

a) 0
b) 0.047
c) 0.234

Page 5 of 10
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(iv)The manager of the company wants to do a quality check. During inspection 1
he selects a form at random from the days output of processed forms. If the
form selected at random has an error, the probability that the form is NOT
processed by Vinay is :
a) 1
b) 30/47
c) 20/47
d) 17/47
(v)Let A be the event of committing an error in processing the form and let E;, 1
E2 and E; be the events that Vinay, Sonia and Igbal processed the form. The
value of ¥3_, P (E;| A) is
a) 0
b) 0.03
c) 0.06
d) 1
Part-B
Section lll
19 e - 2
-1 COSX Tty i i
Express tan™* (1555, >~ < X < inthe simplest form.
20 | If Ais a square matrix of order 3 such that A2 = 24, then find the value of |A]. 2
OR
e 5 e 2
fa=[° 3] showthata?-sa+71=0,
Hence find A~1,
21 | Find the value(s) of k so that the following function is continuous at x = 0 2
Page 6 of 10
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X) =
: ifx=0
2
22 | Find the equation of the normal to the curve 2
1
y=Xx+ ; » X > 0 perpendicular to the line 3x — 4y =7,
23 ; 1 2
il fcoszx(l—tanx)z dx
OR
Evaluate flx(l =X d%
0 2
24 | Find the area of the region bounded by the parabola y% = 8x and the line x = 2
2
25 | Solve the following differential equation: 2
% = x3 cosec y, given that y(0) = 0.
26 | Find the area of the parallelogram whose one side and a diagonal are 2
represented by coinitial vectors - j + k and 4f + 5% respectively
27 | Find the vector equation of the plane that passes through the point (1,0,0) and 2
contains the line 7* = A §,
28 | A refrigerator box contains 2 milk chocolates and 4 dark chocolates. Two 2
chocolates are drawn at random. Find the probability distribution of the number
of milk chocolates. What is the most likely outcome?
OR
Given that E and F are events such that P(E)=08,P(F)=0.7,P (EnF) = 0.6. 2
Find P (E | F)
Section IV
All questions are compulsory. In case of internal choices attempt any
one.
29 | Check whether the relation R in the set Z of integers defined as R = 3
{(a,b) : a + b is "divisible by 2"} is reflexive, symmetric or transitive. Write the
equivalence class containing 0 i.e. [0].
30 ; d 3
Ify=eXsin®x (sinx)*, find =
dx
31 | Prove that the greatest integer function defined by f (x) = [x],0 < x < 2 is not 3
differentiable at x = 1
Page 7 of 10
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OR
: d?%y n
Ifx=asece,y=btan9fmd§atx=E 3
32 | Find the intervals in which the function f given by 3
w\ .
f(x) =tanx—4x, x¢€ (O,;) is
a) strictly increasing b) strictly decreasing
33 f x2+1 3
Find
' x2+2)(x2+3)
34 | Find the area of the region bounded by the curves 3
x? +y? = 4,y = V3x and x — axis in the first quadrant
OR
Find the area of the ellipse x? + 9 y2 = 36 using integration 3
35 | Find the general solutnon of the following differential equation: 3
xdy— (y+ 2x?)dx =
Section V
All questions are compulsory. In case of internal choices attempt any
one.
36 - 2 0 5
If A=[-2 -1 -2|,find A~1. Hence
0 =1 4
Solve the system of equations;
x—2y=10
2x—y—z=28
=2y+z=17
OR
Evaluate the product AB, where 5
1 -1 0 2 2 -4
A=[2 3 4] andB=[—4 2 —4]
0 1 2 2. =4 b
Hence solve the system of linear equations
x—y=3
Page 8 of 10
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37 | Find the shortest distance between the lines 5
7 =3042] — 4k + A1 + 2 + 2k)
and 7 = 51 — 2] + u (31 + 2f + 6k)
If the lines intersect find their point of intersection
OR
Find the foot of the perpendicular drawn from the point (-1, 3, -6) to the 5
plane 2x + y — 2z + 5 = 0. Also find the equation and length of the
perpendicular.
38 | Solve the following linear programming problem (L.P.P) graphically. 5
Maximize Z = x + 2y
subject to constraints ;
x+2y =100
2x—y <0
2x+y <200
xy=0
OR
The corner points of the feasible region determined by the system of linear
constraints are as shown below:
5
(6,8
D{6.5)
, =—
7
Answer each of the following: i
(i) LetZ = 3x — 4y be the objective function. Find the maximum and
minimum value of Z and also the corresponding points at which the
maximum and minimum value occurs.
Page 9 of 10
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(ii) LetZ = px + qy,where p,q > 0 be the objective function. Find the
condition on p and q so that the maximum value of Z occurs at

B(4,10)and C(6,8). Also mention the number of optimal solutions in
this case.

Page 10 of 10
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Marking Scheme (Theory)

Sr.No. Objective type Question Marks
Section |
1 Let f(x1) = f(x;) for some x;,x, €R 1
= ()% = (xp)?
= x; = x,Hence f(x) is one — one
OR
26 reflexive relations 1
2 (1,2) 1
3 Since va is not defined for a € (—oo, 0) 1
~ va = b is not a function.
OR
A1UA2UA3=AandA1nA2nA3=¢ 1
4 3x5 1
5 0 B . [0 IO 1]_1 0 1
a=ls g=a=l JE o=l
OR
|adj Al=(-4)>'=16
6 0 1
7 e*(1—cotx)+C 1
OR
 f(x) is an odd function
e
2
fxzsinx dx=0 1
ad L4
2
8 1
1
A= fozdx = §[x3]},
0
= %sq unit i
Page 1 of 14
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9 0 1
OR
3 1
10 .
J
11 1 1
12X (=3pl =3 |-6k| = 3 sq units .
12 la+5)*=1 1
= a’+b*+2ab=1
= 28b=1-1-1
a T -1 o -
= a.b :n? = |al|b| cos @ =?1:>6 =n- g
== 0= ?
13 1,0,0 1
14 (0,0,0) 1
15 e 3 1 1
5" 1 2 '
16 1 4 1 3 1 4 1
s G =G
Section Il
17(i) (b) 1
17(i) | (a) 1
17(iii) | (c) 1
17(iv) | (a) 1
17(v) | (d) 1
18(i) (b) 1
18(ii) (c) 1
18(iii) | (b) 1
18(iv) | (d) 1
18(v) | (d) 1
Section lll
19 sin(’—[—x) 1
—-1( cosx ~ -1 2 —_
tan™* (%) = tan [———1_cos (’Er"‘)] 2
-1]2 sin(z—f) cos('—t-’—‘)
tan”t [2oEDel]
Page 2 of 14
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tan™1 [cot (E - f)] = tan™! [tan Eo (E = f)]
4 2 2 4 2

tan™! [tan (E % g)] = §+

N R

N =

20

A% =24
= |AA| = |24]
= |AllAl =8lA|l (v |AB| = |A||B| and |24] = 23|4])
= |A|(A|-8)=0
= |A| =0o0r8

OR
e EEIER RS

15 5
=5 =10

7 0

s4=| 0 7

],71=
= A2—5A+71=[g g]=o
= AY(A2=54+71) = 410
= A-51+74"1=0

= 7A7'=5]-4

- =36 915 D

el B

N[ = a N =

21

; kx
It 1—coskx ¢ 2 sin® (-2—)
x>0 xsinx x-0 xsinx

—_
N =
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“f(x) is continuous at x = 0
. Lt »
6.7 =)
| 3 z
?—2:>k =1=k=+1 3
. 2
22 1 dy 1
y=x+ ; = a =1- F
“normal is perpendicular to 3x —4y =7, - tangent is parallel to it
st B 2 —9 ([ 1
= Toated =>x=2 (vx >0)
h =2, y=2+ L
wWhenx =2, y= == 1
~Equation of Normal : y — g = —g(x -2)= 8x + 6y =31
23 il
b Jcoszx (1 —tanx)? ax
Put, l-tanx =y
So that, —sec?x dx = dy 1
-1d =
= y2y=—fy 2dy
1 1
=+;+C_1—tanx+c 1
OR
1
I= [2Q=x) de 1
1
I = fo A-0[1-01-x]"dx 2
I= f01(1 o fol(x“ — x™1)dx
- [xn+1 xn+2]1 1
T latr T nezly 1
1 1 1 2
= G- Y=
24 2
Area = fo/gidx 1
0
e
=2X2V2 fxf dx x
0
Page 4 of 14
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2 4%
=42 [—xE]
3 1

= %«/5[2%—0]=¥sz5

_ 32 X
= 3 sq units

N =

N =

25

dy 2
o = Xcosecy y(0) =0

d
f L fx3dx
cosecy

fsiny dy =fx3dx

x4
=Ry = =hd

-1=c (v~y=0,whenx=0)

N =

N =

26

Area of parallelogram = |[@'x b| = V25+ 1+ 16 = V42 sq units

N =

N =

27

Let the normal vector to the plane be 7
Equation of the plane passing through (1,0,0), i.e., i is
(T =0)"T =0 mniinins (1)

wplane (1) contains the liner” = o + 1}
s =0andj- W =0 =27 =k

Hence equation of the plane is (7" — 1) k=0
ie., k=0

28

Let x denote the number of milk chocolates drawn

X P(x)

128
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Most likely outcome is getting one chocolate of each type

OR

F18 =p ENF _ (EUF) _ 1-P (EUF)
PE|IFR=P PF) ~ PE  1-P(R) (1)
Now P (EUF) =P (E)+P (F)-P (EnF)
=0.8+0.7-0.6=0.9

Substituting value of P (E U F) in (1)

BT 1=09 .01 1
=

N =

N =

N =

Section IV

29

(i) Reflexive :
Since, a+a=2a which is even .. (a,a) € RVa € Z
Hence R is reflexive

(i) Symmetric:
If (a,b) €ER, then a+b =2\ = b+a=2A
= (b,a) €R, Hence R is symmetric

(iii) Transitive:
If (a,b) ER and (b,c,) ER
then a+b =2 A—-(1)andb+c =2y ---(2)
Adding (1) and (2) we get
a+2b+c=2(A + p)
sat+c=2 (A+u—b)
= a+c=2k ,whereA+p—b =k = (a,c) ER
Hence R is transitive
[0]={.-4,-2,0,2 4.1}

N =

N =

30

— :
Letu=e**™ *and v = (sinx)*.

PO =
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sothaty=u+v S~ ol £
Now, u = e¥sin®x Differentiating both sides w.r.t. x, we get 1
= % = e¥SI* X [y (sin2x) + sin®x] - (2)
Also, v = (sinx)*
= log v = x log (sin x)
Differentiating both sides w.r.t. x, we get
ldv _ .
S - Xcotx +log (sinx) 1
:—: = (sinx)* [x cotx + log(sinx)] -~ (3)
Substituting from — (2),— (3) in — (1) we get 1
dy 2
i e*SIn* X [ygin2x + sin®x] + (sinx)* [x cotx + log(sinx)]
31
= Lt fA+h)-f(1) _ Lt [1+h]-[1]
RHD = h-0 h ~ h-o0 h
Lt =)
T hs0T gy 0 1
= Lt fA-M-f@) _ Lt [1-h]-[1] _ L[t 0-1

LHD = h-0 -h T ho0  —p = h-0—p

w e

= heip R 1
Since, RHD #LHD 1
Therefore f(x) is not differentiable at x = 1

OR
dy
y=btand = — = b sec?d ...(1)
dé
dx
x= asecB:@ =asecftanb .. (2)
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dy 2
dy gg _  bsec? _b 0 1
dx  dx  asecOtanf a ¢ L
db
Dif ferentiating both sides w.r. t.x, we get
@ty _ b a0
T cosec 6 cotf x o
_=-b 1 g
= cosec f cotf X ——— scoans Lusing (2)]
_ 1
= —cot36
a.a
d?y —-b; w3 —b 3 3vV3b 1
EL_E = [eeg] =68 =~ =
=6
32 f (x) =tanx — 4x
1
f'(x) = sec’x — 4 2
a) For f (x) to be strictly increasing
f'x)>0
= sec’x—4 >0
= sec’x >4
2 1 2 142
= cosx<z=>cosx<(§)
5 b Ly L 12
— 2<cosx<2=:»3<x<2 2
b) For f (x) to be strictly decreasing
f'x)<o0
= sec’x—4 <0
= sec’x <4
= 2y 51
cosx >+
2 1\2
= cos®x > (5)
i ™
= cosx > - [.xE(O,z)]
= 0<x<?Z
3 1
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33 Put x? = y to make partial fractions 1
2
x?+ 1 - y+1 _ A " B
(*2+2)(x2+3)  (y+2)(y+3) y+2 y+3
S YH1=AQ+3)+ BG 2, A1) %
Comparing coefficients of y and constant terms on both sides of (1) we
get
A+B=1and 3A+2B=1
Solving, we getA=—-1,B=2 1
x2+1 _r -1 1
fm)-dx = fmdx + 2fx2+3dx
1
s—mtan=t (Y L pgpri (£
= ﬁtan (\/2)+ ﬁtan (ﬁ)+ (&
34 Solving y = v3x andx? + y? = 4
We get x2 +3x2 =4 .
>x2=1 =2x=1 3
1
2
Required Area
1 2 1
=\/§fxdx+f\/22—x2 dx 3
0 1
V3 x x\12
S 0 1 Z.J92 _ 2 P (sl 1
== sy +[2\/2 x? 4+ 2 sin (2)]1
V3 T 3 T
—?'l' [2 E————Z X g
2 it
3 5q units 1
2
-OR
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Required Area = 4f(f'\/62 - x2dx

]

Y

AN

LN
N

= ;JBZ_—?+ 18 sin~! (g)]o

3

—418 E 0f=1 [
—5[ XE- ]— 21 sq units

N[ =

N =

35

The given differential equation can be written as

dy y+2x? dy 1
o A W

1
Here P=—;, Q=2x

IF = edex :e_'f%dx = e_Ing = 1

=

The solutions is :

xl—f(z xl)d
P ™ skl
az=2x+c

2

2y =2x%+cx

N =

N =

36

[Al=1(-1-2)-2(-2-0)=-3+4=1
A is nonsingular, therefore A~lexists

-3 -2 -4
AdjA=12 1 2

2 1 38

. -3 -2 —4
=>A'1=m(Ade)= 2 173

2. 4. 3

N =

1
s

133
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The given equations can be written as:

B =5 e

Which is of the form 4’X = B

= X=(4)"'B=("1)B

B I

=x=0, y=-5 z=-3

OR
1 -1 0112 2 -
AB=12 3 4||-4 2 —4—]
0 1 2i/L2 -1 5
6 0 0
=[0 6 0]
0 0 6
= AB = 6l

A(lB)—l Al
=A4(gB)=1 =41 =—(B)

The given equations can be written as
1 -1 0]px 3

2 8 4 H= 17

0 1 2ltz 7

3
AX =D, whereD = [17]
7

= X=A4"1p

x i 2 2 -4113 . 12

= y]=; -4 2 —4||17 ™y i
z 2 -1 5117 24
X

- b1

x =2, y=-1, z=4

N =

-—
N

37

We have a, = 31 + 2 — 4k b, =1+2j +2k

134
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a, = 5i—2j b, = 3i +2j + 6k
a; —a; = 20— 4] + 4k 1
—_— —_— i j ﬁ ~
by xb,=11 2 2 =i(12-4)-j6-6)+k(2—-6) 1
3.2 .6
b1 x b, = 81 + 0f — 4k = 81 — 4%
v (by xb3).(@ — ) =16 -16 = 0 1
-~ The lines are intersecting and the shortest distance between
the lines is 0.
Now for point of intersection
30+ 2] — 4k + A1 + 2] + 2k) = 50— 2) + u(31 + 2j + 6k)
=3+1=5+3u —-_—— (¢))
242A=-2+4+2u -———— )
—4+21=6p - 3) 1
Solving (1) ad (2) we get, y = 2 and 1 = —4
Substituting in equation of line we get
7 =5i—2j+(=2)(31+2f — 6k) = -1 — 6j — 12k
1
Point of intersection is (=1, —6, —12)
OR
Let P be the given point and Q be the foot of the perpendicular.
Equation of PQ xTH=yT_3=-z_+—6=/1 13
2
P (-1,3,-6)
/ : /
Let coordinates of Q be (24 — 1,4 + 3,—24 — 6)
Since Q lies in the plane 2x +y — 2z +5 =0
“2Q2A-1D)+A+3)-2(-2A1-6)+5=0 3
S41-2+1+3+41+12+5=0 B
Page 12 of 14
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S91+18=0 =1=-2

~ coordinates of Q are (-5, 1,-2)

Length of the perpendicular = /(=5 + 1)2 + (1 —3)? + (-2 + 6)2 1
= 6 units i 1
1
38 MaxZ =3x+y
Subject to x+2y =100 - (1)
26—y <0 o )
2x +y <200 — (3)

x=0, y=0

€)

" @
3
204 a ‘\‘-J«%-‘ s
O > 4 i 5 3 i 3o g X
10 26 30 40 S0 60 70 8o b mo\“"*a\
Corner Points Z=3x+y
A (0, 50) 50
B (0, 200) 200
C (50, 100) 250
D (20, 40) 100 1
Maxz =250 at x =50, y =100
1
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OR
(i)
Corner points Z=3x—-4y
0(0,0) 0
A(0,8) -32
B(4,10) -28
C(6.8) 14 12
D(6,5) -2
E(4,0) 12
Max Z =12 at E(4,0)
Min Z =-32at A(0,8)
1
(i) Since maximum value of Z occurs at B(4,10) and C(6, 8)
~4p +10q = 6p + 8q
=2q =2p 2
=p=q 1
Number of optimal solution are infinite 2
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